10.

ICMT Division A Sample Problems
July 10, 2025
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A group G has four distinct generators a, b, ¢, d (so that every element of G is a product of these four
elements or their inverses). The group G also has the 16 relations zyxy = 1¢g for all z,y € {a,b,c,d},
where 1¢ is the group identity. What is the minimum number of relations that need to be added to G
to make the number of distinct elements of G finite?

Compute the integral

What is the expected number of positive divisors of an integer chosen uniformly at random from 1 to
1000000, inclusive? If A is your answer and C is the correct value, your score on this question will be
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Let M = ]FlLX4 be the set of 4 x 4 matrices with elements in F4. Let A be the nilpotent subgroup of

M; ie.
N={MeM:IneN, M" =0}

Define the equivalence relation A ~ B for matrices in M if there exists invertible V' € M such that
AV =V B. Compute [N/ ~ |.

Define Sy to be the number of integral solutions (z,y,z) to the equation z + y + z = 0 such that
—N <z,y,2 < N and ged(z,y) = ged(y, 2) = ged(z,z) = 1. Compute
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For t > 0, the polynomial equation
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has one positive real solution; denote this solution by A(t). Estimate
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If A is your answer and C' is the correct value, your score on this question will be PS e~ (T'55) J

Let S be the set of all differentiable functions with continuous derivatives f : [0,1] — R such that

/Olf(;v)df:/ole(x)dx: 1.

w(f 1(f/(x))2dx) .

Compute the number of ordered pairs (g, h) of elements of S5, the group of permutations of 5 elements,
such that gh = hg.

Compute



