
Pre-Session Study Guide
Number Theory ideas

We outline some number theoretic ideas that recur in the Putnam. They include modular arithmetic,
polynomial congruences, representations of integers, finite field power sums, and methods of infinite descent.

I. Modular Arithmetic and Exponent Constraints

Modular arithmetic provides essential tools for constraining the possible values of integer variables, parities,
and exponential expressions.

Theorem 1.1: Quadratic Residues and Powers Modulo 2k

Let n ∈ Z.

1. n2 ≡ 0, 1 (mod 3).

2. n2 ≡ 0, 1, 4 (mod 8). In particular, an odd square is always 1 (mod 8).

3. For any odd integer a, the multiplicative order of a modulo 2k (for k ≥ 3) divides 2k−2.

Generic Example: Exponential Parity Barrier

Problem: Prove that 3m − 2n = 1 has no positive integer solutions with n ≥ 3 except (m,n) = (2, 3)
and (1, 1).

Solution Strategy:

1. Modulo 3 Analysis: Reducing 3m − 2n ≡ 1 (mod 3) yields −(−1)n ≡ 1 =⇒ (−1)n ≡ −1
(mod 3), which forces n to be odd.

2. Modulo 4 Analysis: If n ≥ 2, reducing 3m − 0 ≡ 1 =⇒ (−1)m ≡ 1 (mod 4), which forces m to
be even. Let m = 2k.

3. Algebraic Factorization: Rewrite the equation as (3k − 1)(3k + 1) = 2n. The two factors 3k − 1
and 3k + 1 are powers of 2 differing by 2. The only powers of 2 differing by 2 are 2 and 4, yielding
3k − 1 = 2 =⇒ k = 1, so m = 2 and n = 3.

II. Chinese Remainder Theorem and Multiplicative Splitting

When analyzing modular properties modulo a composite integer N = pe11 pe22 · · · pekk , global congruence con-
ditions decompose into independent local conditions over each prime power.

Theorem 2.1: Chinese Remainder Theorem

Let n1, n2, . . . , nk be pairwise coprime positive integers, and let N =
∏k

i=1 ni. Then the natural ring
map
Z/NZ ∼= (Z/n1Z)× (Z/n2Z)× · · · × (Z/nkZ)

is an isomorphism. Furthermore, the unit groups split multiplicatively:
(Z/NZ)× ∼= (Z/n1Z)× × (Z/n2Z)× × · · · × (Z/nkZ)×.
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Generic Example: Simultaneous Modular Reconstruction

Problem: Characterize all integers x such that x2 ≡ 1 (mod pq), where p < q are distinct odd primes.

Solution Strategy: By the Chinese Remainder Theorem, x2 ≡ 1 (mod pq) ⇐⇒ x2 ≡ 1 (mod p)
and x2 ≡ 1 (mod q). Since Z/pZ and Z/qZ are finite fields, the quadratic t2 − 1 = 0 has exactly two
roots in each field:
x ≡ ±1 (mod p) and x ≡ ±1 (mod q).

This yields 2 × 2 = 4 independent system choices (x mod p, x mod q) ∈
{(1, 1), (−1,−1), (1,−1), (−1, 1)}, demonstrating that 1 has exactly 4 distinct square roots
modulo pq.

III. p-adic Valuations and Infinite Descent

The p-adic valuation vp(n) measures the exponent of the highest power of p dividing n. Combining valua-
tion inequalities with Fermat’s method of infinite descent establishes non-existence proofs for higher-degree
Diophantine equations.

Theorem 3.1: Properties of p-adic Valuations

For any prime p and non-zero integers a, b:

1. vp(ab) = vp(a) + vp(b).

2. vp(a+ b) ≥ min{vp(a), vp(b)}, with strict equality if vp(a) ̸= vp(b).

3. Legendre’s Formula: vp(n!) =
∑∞

k=1

⌊
n
pk

⌋
=

n−Sp(n)
p−1 , where Sp(n) is the sum of the base-p digits

of n.

Generic Example: Proof by 2-adic Infinite Descent

Problem: Prove that x3 + 2y3 = 4z3 has no non-zero integer solutions.

Solution Strategy:

1. Suppose a non-zero solution exists, and choose a solution (x, y, z) minimizing |x|+ |y|+ |z|.

2. Reducing modulo 2: x3 ≡ 0 (mod 2) =⇒ 2 | x. Substitute x = 2x1 to get 8x3
1 + 2y3 = 4z3 =⇒

y3 + 2z3 = 4x3
1.

3. Reducing modulo 2 again: y3 ≡ 0 (mod 2) =⇒ 2 | y. Substitute y = 2y1 to get 8y31 + 2z3 =
4x3

1 =⇒ z3 + 2x3
1 = 4y31 .

4. Reducing modulo 2 a third time: 2 | z. Substitute z = 2z1.

5. The tuple (x1, y1, z1) = (x/2, y/2, z/2) forms a strictly smaller non-zero integer solution, contra-
dicting the minimality assumption. Thus, no non-zero solution exists.

IV. Polynomial Congruences and Root Lifting

Integer-coefficient polynomials P (x) ∈ Z[x] preserve modular congruences, allowing local-to-global divisibil-
ity analysis and root lifting modulo prime powers.
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Theorem 4.1: Polynomial Congruences and Hensel’s Lemma

Let P (x) ∈ Z[x].

1. Preservation of Congruence: If a ≡ b (mod m), then P (a) ≡ P (b) (mod m). In particular,
(a− b) | (P (a)− P (b)).

2. Hensel’s Lemma: Let p be a prime. If r ∈ Z satisfies P (r) ≡ 0 (mod pk) and P ′(r) ̸≡ 0 (mod p),
then there exists a unique root r′ (mod pk+1) such that r′ ≡ r (mod pk) and P (r′) ≡ 0 (mod pk+1).

Generic Example: Polynomial Divisibility Constraints

Problem: Let P (x) ∈ Z[x] be a polynomial with positive integer coefficients. Show that if P (n)
divides P (P (n) + c) for all n ≥ 1, then P (c) = 0.

Solution Strategy: Since P (n) + c ≡ c (mod P (n)), applying Theorem 4.1(1) yields:
P(P(n) + c) ≡ P (c) (mod P (n)).

Thus, P (n) | P (P (n) + c) ⇐⇒ P (n) | P (c). For a nonconstant polynomial with positive coefficients,
|P (n)| > |P (c)| for all sufficiently large n. The only way a larger integer P (n) can divide a fixed
constant P (c) for all large n is if P (c) = 0.

V. Power Sums over Finite Fields and Primitive Roots

Sums of powers of all non-zero elements in a finite field Fp exhibit a sharp structural dichotomy governed
by primitive roots.

Theorem 5.1: Power Sums over Fp

Let p be a prime, j ≥ 0 an integer, and Sj =
∑p−1

x=1 x
j (mod p). Then:

Sj ≡

{
−1 (mod p) if (p− 1) | j and j > 0,

0 (mod p) if (p− 1) ∤ j or j = 0 (with 00 = 1).

Generic Example: Power Sum Vanishing

Problem: Let p > 3 be a prime. Prove that
∑p−1

x=1 x
k ≡ 0 (mod p) for all k ∈ {1, 2, . . . , p− 2}.

Solution Strategy: Since 1 ≤ k ≤ p − 2, k is not a multiple of p − 1. By Theorem 5.1, Sk ≡ 0
(mod p) immediately.

VI. Linear Recurrences and Divisibility Sequences

Integer sequences (un)n≥0 satisfying homogeneous linear recurrence relations possess intrinsic periodicity
and algebraic divisibility properties.

3



Theorem 6.1: Modular Periodicity and Divisibility Sequences

Let (un)n≥0 be a linear recurrence sequence with integer coefficients.

1. Pisano Periodicity: For any integer m ≥ 2, the sequence (un mod m)n≥0 is purely periodic if the
trailing coefficient of the characteristic polynomial is coprime to m.

2. Divisibility Sequence Property: If u0 = 0 and un = Aun−1 +Bun−2 with gcd(A,B) = 1, then
um | un whenever m | n.

Generic Example: Divisibility in Second-Order Recurrences

Problem: Let u0 = 0, u1 = 1, and un+1 = 4un − un−1 for n ≥ 1. Show that k | n =⇒ uk | un.

Solution Strategy: Using the characteristic equation r2 − 4r + 1 = 0, roots are α, β = 2 ±
√
3.

Binet’s formula yields un = αn−βn

α−β . If n = k ·m, then:

ukm = (αk)m−(βk)m

α−β =
(

αk−βk

α−β

)
·
(∑m−1

j=0 αk(m−1−j)βkj
)
= uk · vm,

where vm is an integer expression. Thus uk | un.
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