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$SPTT�TJMP 'FEFSBUFE -FBSOJOH 	'-
 FNFSHFT BT B QSPNJTJOH GSBNF�
XPSL GPSNVMUJQMF JOTUJUVUJPOT UP DPMMBCPSBUJWFMZ MFBSO B KPJOU NPEFM
XJUIPVU EJSFDUMZ TIBSJOH UIF EBUB� *O BEEJUJPO UP IJHI VUJMJUZ PG UIF
KPJOU NPEFM SJHPSPVT QSPUFDUJPO PG UIF TFOTJUJWF EBUB BOE DPNNV�
OJDBUJPO Fਖ਼DJFODZ BSF BNPOH UIF LFZ EFTJHO EFTJEFSBUB PG B TVD�
DFTTGVM '- BMHPSJUIN� .BOZ FYJTUJOH FPSUT BDIJFWF SJHPSPVT QSJ�
WBDZ CZ FOTVSJOH EJFSFOUJBM QSJWBDZ GPS UIF JOUFSNFEJBUF NPEFM
QBSBNFUFST IPXFWFS UIFZ UZQJDBMMZ BTTVNF B VOJGPSN QSJWBDZ QB�
SBNFUFS GPS BMM UIF TJUFT� *O QSBDUJDF EJFSFOU JOTUJUVUJPOT NBZ IBWF
EJFSFOU QSJWBDZ SFRVJSFNFOUT EVF UP WBSZJOH QSJWBDZ QPMJDJFT PS
QSFGFSFODFT PG UIF EBUB TVCKFDUT�

*O UIJT QBQFS XF GPDVT PO FYQMJDJUMZ NPEFMJOH BOE MFWFSBHJOH
UIF IFUFSPHFOFPVT QSJWBDZ SFRVJSFNFOUT PG EJFSFOU JOTUJUVUJPOT�
8F GPSNBMJ[F JU BT UIF IFUFSPHFOFPVT EJFSFOUJBMMZ QSJWBUF GFEFS�
BUFE MFBSOJOH QSPCMFN BOE TUVEZ IPX UP PQUJNJ[F VUJMJUZ GPS UIF
KPJOU NPEFM XIJMF NJOJNJ[JOH DPNNVOJDBUJPO DPTU� "T EJFSFO�
UJBMMZ QSJWBUF QFSUVSCBUJPOT JOFWJUBCMZ BFDU UIF NPEFM VUJMJUZ B
OBUVSBM JEFB JT UP NBLF CF॒FS VTF PG JOGPSNBUJPO TVCNJ॒FE CZ
UIF JOTUJUVUJPOT XJUI IJHIFS QSJWBDZ CVEHFUT 	SFGFSSFE UP BT ۠QVC�
MJDۡ DMJFOUT BOE UIF PQQPTJUF BSF ۠QSJWBUFۡ DMJFOUT
� य़F DIBMMFOHF
JT IPX UP VTF TVDI JOGPSNBUJPO XJUIPVU CJBTJOH UIF HMPCBM NPEFM�
5P UIJT FOE XF QSPQPTF UIF 1SPKFDUFE 'FEFSBUFE "WFSBHJOH XJUI
IFUFSPHFOFPVT EJFSFOUJBM QSJWBDZ OBNFE BT 1'" XIJDI FYUSBDUT
UIF UPQ TJOHVMBS TVCTQBDF PG UIF NPEFM VQEBUFT TVCNJ॒FE CZ ۠QVC�
MJDۡ DMJFOUT BOE UIFO VUJMJ[FT UIFN UP QSPKFDU UIF NPEFM VQEBUFT PG
۠QSJWBUFۡ DMJFOUT CFGPSF BHHSFHBUJOH UIFN� 8F GVSUIFS QSPQPTF UIF
DPNNVOJDBUJPO�Fਖ਼DJFOU 1'"� XIJDI BMMPXT ۠QSJWBUFۡ DMJFOUT UP
VQMPBE QSPKFDUFE QBSBNFUFST JOTUFBE PG PSJHJOBM QBSBNFUFST VTJOH
UIF QSPKFDUJPO TQBDF MFBSOFE GSPN UIF QSFWJPVT SPVOE� 0VS FYQFS�
JNFOUT PO CPUI TUBUJTUJDBM MFBSOJOH BOE EFFQ MFBSOJOH WFSJGZ UIF
VUJMJUZ CPPTU PG CPUI BMHPSJUINT DPNQBSFE UP UIF CBTFMJOF NFUIPET
XIFSFCZ 1'"� BDIJFWFT PWFS 99� VQMJOL DPNNVOJDBUJPO SFEVDUJPO
GPS ۠QSJWBUFۡ DMJFOUT� 0VS JNQMFNFOUBUJPO JT QVCMJDMZ BWBJMBCMF�
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'FEFSBUFE MFBSOJOH 	'-
 <� �� �� ��> IBT B॒SBDUFE TVCTUBOUJBM BU�
UFOUJPO JO SFDFOU ZFBST TJODF JU QSPWJEFT B QSPNJTJOH BQQSPBDI
GPS NVMUJQMF EFWJDFT 	F�H� TNBSUQIPOFT *P5 EFWJDFT
 PS JOTUJUVUJPOT
	F�H� IPTQJUBMT PS CBOLT
 UP DPMMBCPSBUJWFMZ MFBSO B KPJOU NPEFM GSPN
UIF TFOTJUJWF MPDBM EBUB� य़F MB॒FS JT BMTP LOPXO BT DSPTT�TJMP GFE�
FSBUFE MFBSOJOH XIJDI XJMM CF UIF GPDVT PG UIJT QBQFS� 8F DPOTJEFS
UIF IPSJ[POUBMMZ QBSUJUJPOFE TF॒JOH JO XIJDI UIF JOTUJUVUJPOT IBWF
UIFJS PXO TFUT PG EBUB TVCKFDUT 	F�H� QBUJFOUT PS DVTUPNFST
 XJUI
UIF TBNF TFU PG GFBUVSFT BOE XJTI UP MFBSO B KPJOU NPEFM� 'PS FYBN�
QMF B GPSNJEBCMF QSPCMFN DPNNPO GPS DMJOJDBM TUVEJFT JT UIF JOBE�
FRVBUF OVNCFS PG TVCKFDUT PG B HJWFO DPOEJUJPO 	F�H� SBSF EJTFBTF

FTQ� BU B TJOHMF JOTUJUVUJPO� $SPTT�JOTUJUVUJPOBM MFBSOJOH JT EFTJSFE
UP NJUJHBUF UIF EBUB TIPSUBHF PS CJBT BOE MFBSO B NPSF BDDVSBUF
BOE HFOFSBMJ[BCMF NPEFM� 'JHVSF � TIPXT UIF UZQJDBM '- GSBNFXPSL
XIFSF DMJFOUT VQMPBE MPDBM NPEFM VQEBUFT UP B TFNJ�USVTUFE DPPS�
EJOBUJOH TFSWFS XIJDI JO UVSO BHHSFHBUFT UIF MPDBM NPEFMT JOUP B
HMPCBM NPEFM UISPVHI NVMUJQMF SPVOET PG JUFSBUJPOT�
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*O BEEJUJPO UP IJHI VUJMJUZ PG UIF KPJOU NPEFM SJHPSPVT QSPUFDUJPO
PG UIF TFOTJUJWF EBUB BOE DPNNVOJDBUJPO Fਖ਼DJFODZ BSF BNPOH UIF
LFZ EFTJHO EFTJEFSBUB PG B TVDDFTTGVM '- BMHPSJUIN� 1SJWBDZ JT B
LFZ EFTJHO DPOTJEFSBUJPO UIBU NPUJWBUFT UIF '- GSBNFXPSL XIJDI
SFRVJSFT FBDI DMJFOUT SBX EBUB UP CF TUPSFE MPDBMMZ BOE POMZ JOUFS�
NFEJBUF NPEFM VQEBUFT BSF USBOTGFSSFE EVSJOH DPMMBCPSBUJWF USBJO�
JOH� #Z BWPJEJOH EJSFDU EBUB FYDIBOHF JU SFEVDFT UIF SJTL PG TFOTJ�
UJWF JOGPSNBUJPO EJTDMPTVSF� )PXFWFS UIF USBOTGFSSFE JOUFSNFEJBUF
WBSJBCMFT DBO TUJMM EJTDMPTF TFOTJUJWF VTFS JOGPSNBUJPO WJB BEWBODFE
BEWFSTBSJBM BMHPSJUINT BOE IBWF CFFO TIPXO UP CF WVMOFSBCMF UP
WBSJPVT QSJWBDZ B॒BDLT TVDI BT SFDPOTUSVDUJPO B॒BDLT BOE NFN�
CFSTIJQ JOGFSFODF B॒BDLT <�� �� �� �� ��>� 5P GVSUIFS FOIBODF
UIF QSJWBDZ�QSFTFSWJOH DBQBCJMJUZ EJFSFOUJBM QSJWBDZ 	%1
 <��>
IBT CFFO JOUSPEVDFE UP FOTVSF SJHPSPVT QSJWBDZ QSPUFDUJPO GPS UIF
JOUFSNFEJBUF NPEFM VQEBUFT <�� �� ��>� )PXFWFS FYJTUJOH XPSLT
BTTVNF B VOJGPSN QSJWBDZ CVEHFU GPS BMM UIF DMJFOUT� *O QSBDUJDF
EJFSFOU JOTUJUVUJPOT NBZ IBWF EJFSFOU QSJWBDZ SFRVJSFNFOUT EVF
UP WBSZJOH QSJWBDZ QPMJDJFT PS WBSZJOH QSJWBDZ QSFGFSFODFT PG UIF
EBUB TVCKFDUT 	F�H� EJFSFOU EFNPHSBQIJD HSPVQT
 XIJDI MFBET UP
IFUFSPHFOFPVT QSJWBDZ CVEHFUT BDSPTT JOTUJUVUJPOT� "O PQFO RVFT�
UJPO JT IPX UP BEBQU UIF '- BMHPSJUINT GPS CF॒FS USBEF�PT BNPOH
NPEFM VUJMJUZ BOE DPNNVOJDBUJPO Fਖ਼DJFODZ XIJMF BMMPXJOH IFUFSP�
HFOFPVT QSJWBDZ HVBSBOUFFT GPS UIF DMJFOUT�

8F GPSNBMJ[F UIF IFUFSPHFOFPVT EJFSFOUJBMMZ QSJWBUF '- QSPC�
MFN XIFSF UIF QSJWBDZ CVEHFUT BSF WBSZJOH GSPN JOTUJUVUJPO UP JO�
TUJUVUJPO� य़F DFOUSBM HPBM JT UP FYQMPJU UIF IFUFSPHFOFPVT QSJWBDZ
CVEHFUT UP PQUJNJ[F VUJMJUZ EVSJOH UIF GFEFSBUFE USBJOJOH XIJMF
NJOJNJ[JOH UIF VQMJOL DPNNVOJDBUJPO DPTU� 5P FOTVSF %1 UIF VUJM�
JUZ PG UIF KPJOU NPEFM JOFWJUBCMZ EFDSFBTFT EVF UP UIF QFSUVSCB�
UJPOT JOKFDUFE PO MPDBM NPEFM VQEBUFT TVCNJ॒FE UP UIF TFSWFS� *O�
GPSNBMMZ UIF ۠QSJWBUFۡ JOTUJUVUJPOT XJUI TUSJDUFS QSJWBDZ CVEHFUT SF�
RVJSF MBSHFS QFSUVSCBUJPO MFBEJOH UP MFTT BDDVSBUF NPEFM VQEBUFT
XIJMF UIF ۠QVCMJDۡ DMJFOUT XJUI NPSF SFMBYFE QSJWBDZ CVEHFUT TVC�
NJU NPSF BDDVSBUF NPEFM VQEBUFT� य़VT B OBUVSBM JEFB JT UP FYUSBDU
NPSF VTFGVM JOGPSNBUJPO GSPN UIF ۠QVCMJDۡ DMJFOUT NPEFM VQEBUFT�
8IJMF JOUVJUJWF UIF DIBMMFOHF JT UP EFDJEF XIJDI ڧSJHIUڦ JOGPSNBUJPO
UP FYUSBDU BOE IPX UP VTF JU XJUIPVU BDDFTT UP UIF SBX MPDBM EBUB CF�
DBVTF XFXBOU OFJUIFS UIF DBTF XIFSF UPPNVDI QVCMJD JOTUJUVUJPOT
JOGPSNBUJPO CJBTFT UIF KPJOU NPEFM OPS UIF DBTF XIFSF UPP MFTT JO�
GPSNBUJPO EPFT OPU IFMQ JNQSPWF UIF KPJOU NPEFM VUJMJUZ�

1SFWJPVT XPSL <�� �� ��> IBWF PCTFSWFE UIBU UIF TUPDIBTUJD HSB�
EJFOUT PG UIF NPEFM QBSBNFUFST TUBZ JO B MPX�EJNFOTJPOBM TQBDF
BMPOH UIF USBJOJOH USBKFDUPSZ JO B UZQJDBM 4UPDIBTUJD (SBEJFOU %F�
TDFOU 	4(%
 CBTFE MFBSOJOH BMHPSJUIN BOE %14(% BMHPSJUINT� .P�
UJWBUFE CZ UIJT PVS NBJO JEFB JT UP FYUSBDU UIF UPQ TJOHVMBS TVC�
TQBDF PG UIF NPEFM VQEBUFT TVCNJ॒FE CZ ۠QVCMJDۡ DMJFOUT BT TVDI
۠SJHIUۡ JOGPSNBUJPO J�F� B MPXFS EJNFOTJPOBM TVCTQBDF FYUSBDUFE
GSPN UIF NPEFM VQEBUFT� 4JODF UIF NPEFM VQEBUFT TVCNJ॒FE CZ
۠QSJWBUFۡ DMJFOUT DPOUBJO NPSF OPJTF QSPKFDUJOH UIFN POUP UIF TVC�
TQBDF GSPN ۠QVCMJDۡ DMJFOUT XJMM BMMPX VT UP FYUSBDU BOE BHHSFHBUF
UIF NPTU VTFGVM JOGPSNBUJPO XIJMF NJUJHBUJOH UIF JNQBDU PG UIF
OPJTF IFODF IJHIFS VUJMJUZ GPS UIF KPJOU NPEFM DPVME CF BDIJFWFE�
4JNVMUBOFPVTMZ UIF MPXFS�EJNFOTJPOBM TVCTQBDF NBLFT JU QPTTJCMF
GPS UIF ۠QSJWBUFۡ DMJFOUT UP POMZ VQMPBE QSPKFDUFE NPEFM VQEBUFT JO
UIF SFEVDFE TVCTQBDF IFODF BDIJFWJOH TJHOJDBOU DPNNVOJDBUJPO
SFEVDUJPO�

$POUSJCVUJPOT� *O UIJT QBQFS XF JOUSPEVDF UIF EFOJUJPO PG IFU�
FSPHFOFPVT %1 JO '- 	'-�)%1
 BOE QSPQPTF B OPWFM QSPKFDUJPO
CBTFE GFEFSBUFE BWFSBHJOH 	1'"
 BMHPSJUIN UIBU BDIJFWFT '-�)%1
CZ QFSUVSCJOH FBDI DMJFOUT MPDBM VQEBUF JO B DVTUPNJ[FE XBZ� 5P
GVMMZ VUJMJ[F UIF NPEFM VQEBUFT XJUI IFUFSPHFOFPVT QFSUVSCBUJPO
OPJTFT 1'" FYQMPJUT UIF UPQ TJOHVMBS TVCTQBDF FYUSBDUFE GSPN UIF
JOUFSNFEJBUF MPDBM VQEBUFT PG UIF ۠QVCMJDۡ DMJFOUT GPS BHHSFHBUJOH
UIF HMPCBM VQEBUFT XJUI FOIBODFE VUJMJUZ� 8F GVSUIFS QSPQPTF B
DPNNVOJDBUJPO�Fਖ਼DJFOU WBSJBOU 1'"� JO XIJDI ۠QSJWBUFۡ DMJFOUT
VTF TVCTQBDF GSPN QSFWJPVT NPEFM VQEBUFT UP VQMPBE QSPKFDUFE
NPEFM QBSBNFUFST JOTUFBE PG UIF PSJHJOBM POFT XJUI NJOJNBM JN�
QBDU PO NPEFM VUJMJUZ�य़F DPOUSJCVUJPOT BSF TVNNBSJ[FE BT GPMMPXT�
	�
 8F GPSNBMJ[F UIF QSPCMFN PG IFUFSPHFOFPVT %1 JO '- XIJDI

BMMPXT EJFSFOU JOTUJUVUJPOT UP IBWF EJFSFOU QSJWBDZ SFRVJSF�
NFOUT�

	�
 8F STU QSPQPTF UIF CBTJD XFJHIUFE BWFSBHF 	8FJ"WH
 BQ�
QSPBDI UIBU DPOTJEFST UIF WBSZJOH QSJWBDZ CVEHFUT PG DMJFOUT�
य़F DMJFOUT XJUI UJHIUFS QSJWBDZ CVEHFUT BSF BTTJHOFE B MBSHFS
XFJHIU XIFO BWFSBHJOH UIF NPEFM VQEBUFT BOE WJDF WFSTB�
य़FO XF QSPQPTF BO BEWBODFE QSPKFDUFE GFEFSBUFE BWFSBHF
	1'"
 BQQSPBDI XIJDI QBSUJUJPOT UIF DMJFOUT JOUP ۠QVCMJDۡ BOE
۠QSJWBUFۡ POFT XJUI NPSF SFMBYFE BOE TUSJDU QSJWBDZ CVEHFUT SF�
TQFDUJWFMZ BOE VUJMJ[FT UIF UPQ TJOHVMBS TVCTQBDF PG UIF ۠QVC�
MJDۡ DMJFOUT GPS QSPKFDUJOH UIF NPEFM VQEBUFT CFGPSF BHHSFHBUJOH
UIFN MFBEJOH UP OPJTF SFEVDUJPO BOE IJHIFS VUJMJUZ DPNQBSFE
XJUI UIF TUBOEBSE 'FE"WH BOE UIF CBTJD 8FJ"WH�

	�
 8F GVSUIFS QSPQPTF B DPNNVOJDBUJPO�Fਖ਼DJFOU WBSJBOU 1'"�
XIJDI BQQMJFT QSPKFDUFE GFEFSBUFE BWFSBHJOH JO BO BTZODISP�
OPVT XBZ BOE BMMPXT ۠QSJWBUFۡ DMJFOUT UP VQMPBE POMZ QSPKFDUFE
NPEFM VQEBUFT JO UIF SFEVDFE TVCTQBDF BOE BDIJFWFT TJHOJ�
DBOU DPNNVOJDBUJPO SFEVDUJPO XJUI NJOJNBM JNQBDU PO VUJMJUZ�

	�
 8F QSPWJEF B GPSNBM DPOWFSHFODF BOBMZTJT TIPXJOH UIBU 1'"
DBO BDIJFWF UIF TBNF DPOWFSHFODF SBUF BT UIF OPO�QSJWBUF 'F�
E"WH VOEFS UIF TBNF BTTVNQUJPOT� 8F BMTP TIPX DPNNVOJDB�
UJPO BOE DPNQVUBUJPO DPNQMFYJUZ BOBMZTJT PG 1'"�

	�
 8F QFSGPSN B DPNQSFIFOTJWF FWBMVBUJPO PO CPUI TUBUJTUJDBM
MFBSOJOH BOE EFFQ MFBSOJOH NPEFMT VTJOH TFWFSBM SFBM XPSME
EBUBTFUT GSPN EJFSFOU EPNBJOT� य़F SFTVMUT EFNPOTUSBUF UIBU
1'" BOE 1'"� HSFBUMZ JNQSPWF UIF VUJMJUZ PG UIF KPJOU NPEFM
PWFS UIF CBTFMJOF NFUIPET JO EJFSFOU TF॒JOHT� *O BEEJUJPO
1'"� BDIJFWFT PWFS 99� VQMJOL DPNNVOJDBUJPO SFEVDUJPO GPS
۠QSJWBUFۡ DMJFOUT XJUI DPNQBSBCMF VUJMJUZ�

0SHBOJ[BUJPO� य़F SFTU PG UIF QBQFS JT TUSVDUVSFE BT GPMMPXT� 4FD�
UJPO � SFWJFXT UIF SFMBUFE XPSL� 4FDUJPO � EFTDSJCFT UIF QSFMJNJOBS�
JFT� 4FDUJPO � QSFTFOUT UIF QSPQPTFE NFUIPET� 4FDUJPO � QSFTFOUT
UIF FYQFSJNFOUT� 'JOBMMZ 4FDUJPO � ESBXT B DPODMVTJPO BOE EJT�
DVTTFT GVUVSF EJSFDUJPOT�

� 3&-"5&% 803,
��� 'FEFSBUFE -FBSOJOH
'FEFSBUFE MFBSOJOH 	'-
 JT B GPSN PG EFDFOUSBMJ[FE MFBSOJOH XJUI UIF
HPBM PG DPMMBCPSBUJWFMZ USBJOJOH B HMPCBM NPEFM GSPN EBUB TUPSFE JO
NVMUJQMF SFNPUF DMJFOUT <��>� *U IBT SFDFJWFE TJHOJDBOU JOUFSFTU JO
SFDFOU ZFBST PXJOH UP JUT EJTUJODU QSJWBDZ BEWBOUBHFT DPNQBSFE UP
UIF USBEJUJPOBM DFOUSBMJ[FE MFBSOJOH� )PXFWFS UIFSF BSF BMTP PQFO



DIBMMFOHFT TVDI BT UIF DPNNVOJDBUJPO BOE DPNQVUBUJPO PWFSIFBET
EBUB BOE NPEFM IFUFSPHFOFJUZ BOE VOSFMJBCMF PS QPUFOUJBMMZ NBMJ�
DJPVT QBSUJDJQBUJOH DMJFOUT PS TFSWFST <� �� �� ��>�

'FEFSBUFE PQUJNJ[BUJPO NFUIPET� 0OF PG UIF NPTU XJEFMZ VTFE
BQQSPBDIFT GPS GFEFSBUFE PQUJNJ[BUJPO QSPCMFN JT GFEFSBUFE BWFS�
BHJOH 	'FE"WH
 <��> JO XIJDI B SBOEPNMZ TBNQMFE TVCTFU PG DMJFOUT
SVO B DFSUBJO OVNCFS PG 4UPDIBTUJD (SBEJFOU %FTDFOU 	4(%
 TUFQT
MPDBMMZ BOE JOEFQFOEFOUMZ BOE UIF DFOUSBM TFSWFS UIFO BWFSBHFT
UIF MPDBM NPEFMT UP VQEBUF UIF HMPCBM NPEFM� 8IJMF 'FE"WH IBT
FNFSHFE BT B EF GBDUP TUBOEBSE BMHPSJUIN JU IBT TFWFSBM MJNJUBUJPOT
JO PWFSDPNJOH UIF JOIFSFOU DIBMMFOHFT PG '- TVDI BT UIF DPNNV�
OJDBUJPO BOE DPNQVUBUJPO PWFSIFBET EBUB IFUFSPHFOFJUZ BOE DPO�
TUSBJOUT PO UIF NPEFM BSDIJUFDUVSFT <� �� �� ��>� 5P PWFSDPNF
UIFTF JTTVFT TPNF XPSLT BQQSPBDI '- JO OFX QFSTQFDUJWFT� 'PS FY�
BNQMF -JO FU BM� <��> QSPQPTF B EJTUJMMBUJPO GSBNFXPSL GPS SPCVTU
GFEFSBUFE NPEFM GVTJPO 	'FE%'
 XIJDI FOBCMFT '- JO NPSF HFOFSBM
TF॒JOHT TVDI BT IFUFSPHFOFPVT DMJFOU NPEFMT BOE EBUB� "M�4IFEJWBU
FU BM� <�> GPSNVMBUF '- BT B QPTUFSJPS JOGFSFODF QSPCMFN BOE QSP�
QPTF BO BQQSPYJNBUF BMHPSJUIN 'FE1" UIBU SVOT MPDBM BOE HMPCBM
QPTUFSJPS JOGFSFODF PO UIF DMJFOUT BOE TFSWFS TJEF SFTQFDUJWFMZ�

%JॐFSFOUJBMMZ QSJWBUF GFEFSBUFE MFBSOJOH� "॒FNQUT UP JOUF�
HSBUF EJFSFOUJBM QSJWBDZ JOUP GFEFSBUFE MFBSOJOH GPS FOIBODFE QSJ�
WBDZ QSPUFDUJPO IBWF CFFO NBEF QSFWJPVTMZ� /PUBCMZ (FZFS FU
BM� <��> BDIJFWF DMJFOU�MFWFM EJFSFOUJBM QSJWBDZ CZ BEEJOH SBOEPN
(BVTTJBO OPJTF PO UIF BHHSFHBUFE MPDBM NPEFM VQEBUFT UP IJEF B
TJOHMF DMJFOUT JOGPSNBUJPO� .D.BIBO FU BM� <��> QSPQPTF UIF VTFS�
MFWFM PS TBNQMF�MFWFM EJFSFOUJBM QSJWBDZ CZ BMMPXJOH FBDI DMJFOU UP
QFSUVSC JUT DPNQVUFE HSBEJFOUT MPDBMMZ BOE VQMPBE UIF OPJTZ NPEFM
VQEBUFT UP UIF TFSWFS� 6TFS�MFWFM EJFSFOUJBM QSJWBDZ FOTVSFT UIBU
UIF JOUFSNFEJBUF NPEFM QBSBNFUFST BOE OBM NPEFM BSF JOEJTUJO�
HVJTIBCMF SFHBSEMFTT PG UIF QSFTFODF PS BCTFODF PG BOZ HJWFO SFDPSE
	VTFS
 BU FBDI DMJFOU� 0UIFS XPSLT BMTP DPOTJEFS UIF DPNCJOBUJPO PG
%1 BOE CMPDLDIBJO <�> PS BEE %1 OPJTF PO CPUI VQMJOL BOE EPXO�
MJOL DPNNVOJDBUJPO DIBOOFMT <��>� *O UIJT XPSL XF BEPQU UIF VTFS�
MFWFM EJFSFOUJBM QSJWBDZ XIJMF BMMPXJOH IFUFSPHFOFPVT QSJWBDZ QB�
SBNFUFST UP CF VTFE BU FBDI DMJFOU�

��� )FUFSPHFOFPVT %JॐFSFOUJBM 1SJWBDZ
य़FSF JT SJDI MJUFSBUVSF FYQMPSJOH EJFSFOUJBMMZ QSJWBUF NFDIBOJTN
EFTJHO DPOTJEFSJOH IFUFSPHFOFPVT QSJWBDZ QSFGFSFODFT� .PTU PG
UIFN BSF GPDVTFE PO DFOUSBMJ[FE TF॒JOH <� �� �� ��> XIFSF FBDI
VTFS IPMET B TJOHMF EBUB FOUSZ BOE JT BTTPDJBUFE XJUI B QFSTPOBM�
J[FE QSJWBDZ QBSBNFUFS� 'PS UIF DBTF PG DSPTT�TJMP '- FBDI DMJFOU
DPOUSJCVUFT NVMUJQMF EBUB FOUSJFT BOE DBO CF BTTPDJBUFE XJUI B EJG�
GFSFOU DMJFOU TQFDJD QSJWBDZ QBSBNFUFS� 8F SFGFS UP UIJT BT DMJFOU�
MFWFM IFUFSPHFOFPVT EJFSFOUJBM QSJWBDZ UP NBLF B EJTUJODUJPO�

6TFS�MFWFM QFSTPOBMJ[FE EJॐFSFOUJBM QSJWBDZ� य़F MJOF PG XPSL
PO VTFS�MFWFM QFSTPOBMJ[FE EJFSFOUJBM QSJWBDZ JO DFOUSBMJ[FE TFU�
UJOH TUBSUT CZ "MBHHBO FU BM� <�> XIP STU JOUSPEVDFE UIF OPUJPO PG
IFUFSPHFOFPVT EJञFSFOUJBM QSJWBDZ� "OPUIFS JOEFQFOEFOU XPSL CZ
+PSHFOTFO FU BM� <��> JOUSPEVDFE B TJNJMBS OPUJPO PG QFSTPOBMJ[FE
EJञFSFOUJBM QSJWBDZ 	1%1
� 1%1 DPOTJEFST UIF DBTF XIFSF FBDI VTFS
PS SFDPSE JT BTTPDJBUFE XJUI JUT PXO QSJWBDZ QBSBNFUFS� य़FZ QSP�
QPTFE UXP NFDIBOJTNT CBTFE PO OPO�VOJGPSN TBNQMJOH BOE FYQP�
OFOUJBM NFDIBOJTN XIJDI BSF BQQMJDBCMF UP NPSF DPNNPO RVFSJFT

DPNQBSFE XJUI <�>� 'PMMPXJOH UIF BCPWF UXP XPSLT BO FYUFOTJWF
TFU PG NFUIPET IBT CFFO EFWFMPQFE GPS BEPQUJOH QFSTPOBMJ[FE QSJ�
WBDZ HVBSBOUFFT JO EJFSFOU TDFOBSJPT NPSF DPNQMFY UBTLT PS QFS�
TVJOH CF॒FS EBUB VUJMJUZ <�� �� �� �� �� �� ��>�

$MJFOU�MFWFM IFUFSPHFOFPVT EJॐFSFOUJBM 1SJWBDZ� य़FSF JT MJN�
JUFE XPSL DPOTJEFST IFUFSPHFOFPVT QSJWBDZ QSFGFSFODFT JO UIF EF�
DFOUSBMJ[FE TF॒JOH XIFSF FBDI DMJFOU JT BTTPDJBUFE XJUI JUT PXO QSJ�
WBDZ QBSBNFUFS� य़JT DBO CF EVF UP UIF GBDU UIBU FBDI DMJFOU IBT JUT
PXO QSJWBDZ QPMJDZ PS UIF DMJFOU BMMPXT JUT VTFST UP TQFDJGZ QFSTPO�
BMJ[FE QBSBNFUFST� (JWFO UIF IFUFSPHFOFPVT QSJWBDZ QBSBNFUFST
GSPN EJFSFOU DMJFOUT B TUSBJHIUGPSXBSE BQQSPBDI JT UP EFTJHO UIF
MFBSOJOH BMHPSJUIN UP TBUJTGZ ϵmin�%1 XJUI ϵmin BT UIF NJOJNVN
QSJWBDZ CVEHFU BDSPTT BMM DMJFOUT <��> UIFO BQQMZ DPOWFOUJPOBM BM�
HPSJUINT EFTJHOFE GPS VOJGPSN %1� 0CWJPVTMZ UIJT BQQSPBDI DPVME
MFBE UP B MBSHF BNPVOU PG VOEFS�VUJMJ[FE QSJWBDZ CVEHFUT�

3FDFOUMZ BO JOEFQFOEFOU XPSL CZ $IBUIPUI FU BM� <�> IBT NBEF
FPSUT GPS BEESFTTJOH DPIPSU�MFWFM QSJWBDZ IFUFSPHFOFJUZ NPUJ�
WBUFE CZ UIF *P5 TF॒JOH� .PSF TQFDJDBMMZ BMM DMJFOUT BSF STU
HSPVQFE JOUP DPIPSUT BOE (BVTTJBO OPJTFT BSF BEEFE PO UIF BHHSF�
HBUJPO PG MPDBM VQEBUFT GSPN UIF DMJFOUT JO FBDI DPIPSU� *O UIFJS
BQQSPBDI UIF QSJWBDZ CVEHFUT VTFE BU FBDI DPNNVOJDBUJPO SPVOE
BSF TUJMM JEFOUJDBM GPS BMM DPIPSUT� #Z B QSJWBDZ BDDPVOUBOU DMJFOUT
XJUI TUSJDUFS QSJWBDZ SFRVJSFNFOUT XJMM FOE TPPOFS UIBO UIPTF PG
NPSF SFMBYFE QSJWBDZ SFRVJSFNFOUT� य़VT UIFZ BEPQUFE DPOUJOVBM�
MFBSOJOH CBTFE NFUIPET UP FOTVSF UIF NPEFM VUJMJUZ� *O DPOUSBTU
XF DPOTJEFS DMJFOU�MFWFM IFUFSPHFOFPVT %1 XIJDI JT CF॒FS NPUJ�
WBUFE JO PVS DSPTT�TJMP '- TF॒JOH� *O BEEJUJPO XF VTF IFUFSPHF�
OFPVT QSJWBDZ QBSBNFUFST GPS UIF DMJFOUT GPS FBDI SPVOE BOE EF�
WFMPQ B QSPKFDUJPO�CBTFE BQQSPBDI GPS FOIBODFE VUJMJUZ BOE DPN�
NVOJUZ Fਖ਼DJFODZ�

��� (SBEJFOU 1SPKFDUJPO
1SFWJPVT XPSL IBWF PCTFSWFE UIBU TUPDIBTUJD HSBEJFOUT TUBZ JO
B MPX�EJNFOTJPOBM TQBDF BMPOH UIF USBJOJOH USBKFDUPSZ PG 4(%
<�� �� ��>� ;IPV FU BM� <��> GVSUIFS TUVEJFE UIF OPJTZ HSBEJFOUT BOE
QSPQPTFE B WBSJBOU PG %14(% BMHPSJUIN OBNFE 1SPKFDUFE %14(%
	1%14(%
 GPS SFBDIJOH B CF॒FS QSJWBDZ�VUJMJUZ USBEF�P JO EFFQ
MFBSOJOH� )PXFWFS UIFTF PCTFSWBUJPOT NPTUMZ GPDVTFE PO UIF TUP�
DIBTUJD HSBEJFOUT JO UIF DFOUSBMJ[FE TF॒JOH XF FNQJSJDBMMZ QSPWF
UIBU UIF QSPKFDUJPO�CBTFE BQQSPBDI DBO CF BEBQUFE UP UIF OPJTZ
NPEFM VQEBUFT JO UIF '- TF॒JOH 	TFF 'JHVSF �� XJUI JUT SFMBUFE
EFTDSJQUJPO JO "QQFOEJY #
 BOE STU FYQMPJU JUT CFOFU GPS CPUI
	IFUFSPHFOFPVT
 OPJTF SFEVDUJPO BOE DPNNVOJDBUJPO SFEVDUJPO JO
UIF GFEFSBUFE TF॒JOH�य़F LFZ EJFSFODFT CFUXFFO PVS NFUIPE BOE
1%14(% BSF EJTDVTTFE JO EFUBJMT JO "QQFOEJY %���

� 13&-*.*/"3*&4
*O UIJT TFDUJPO XF XJMM HJWF B CSJFG SFWJFX PG UIF SFMBUFE EFOJUJPOT
BOE OPUBUJPOT VTFE JO UIF QBQFS� 5BCMF � JO "QQFOEJY " TVNNBSJ[FT
UIF GSFRVFOUMZ VTFE OPUBUJPOT�

��� 'FEFSBUFE -FBSOJOH

'FEFSBUFE -FBSOJOH 'PSNVMBUJPO� 8F GPDVT PO B UZQJDBM DSPTT�
TJMP IPSJ[POUBMMZ QBSUJUJPOFE '- TF॒JOH� UIFSF JT B DFOUSBM DPPSEJ�
OBUJOH TFSWFS BOEM DMJFOUT XJUI FBDI IPMEJOH B MPDBM EBUBTFU XJUI



UIF TBNF TFU PG GFBUVSFT ESBXO GSPN BO VOLOPXO EBUB EJTUSJCVUJPO
EFOPUFE CZ Pm , m ∈ [M]� य़F BJN JT UP KPJOUMZ PQUJNJ[F UIF PC�
KFDUJWF GVODUJPO EFOPUFE CZ L(Y) XIFSF Y JT UIF USBJOBCMF NPEFM
QBSBNFUFST�

%F॑OJUJPO � 	'FEFSBUFE -FBSOJOH 'PSNVMBUJPO
� य़F HMPCBM
FNQJSJDBM MPTTL(Y) JT UBLJOH UIFXFJHIUFE BWFSBHF PG UIF QFS�DMJFOU
MPTT Lm(Y) PWFS BMM DMJFOUT J�F�

L(Y) !
M∑

m=1

wmLm(Y), s .t .
M∑

m=1

wm = 1,XIFSFwm =
Nm
N

	�

BOELm(Y) JT UIF MPDBM MPTT PG DMJFOUCm PO UIF MPDBM EBUBTFU EFOFE
BT GPMMPXT

Lm(Y) ! 1

Nm

Nm∑
i=1

!(Y, ξi ), 	�


XIFSF Dm XJUI TJ[F Nm JT UIF MPDBM EBUBTFU XJUI FBDI TBNQMF
{ξ1, . . . , ξNm } ESBXO GSPN Pm �

'FEFSBUFE "WFSBHJOH� 'FEFSBUFE BWFSBHJOH 	'FE"WH
 <��> JT B CB�
TJD BMHPSJUIN GPS PQUJNJ[JOH FR�	�
 XIJDI JT TIPXO JO "MHPSJUIN �
JO "QQFOEJY #� .PSF TQFDJDBMMZ BU FBDI DPNNVOJDBUJPO SPVOE tc 
B SBOEPN TVCTFU PG DMJFOUT Stc SVO TPNF OVNCFS PG MPDBM VQEBUF
JUFSBUJPO TUFQT 	F�H� 4(% TUFQT
 CBTFE PO UIFJS MPDBM EBUBTFU Dm 
BOE VQMPBE UIF MPDBM NPEFM VQEBUFT UP UIF DFOUSBM TFSWFS XIJDI
BHHSFHBUFT UIF DPMMFDUFE MPDBM JOGPSNBUJPO BOE VQEBUFT UIF KPJOU
NPEFM WJB B TJNQMF BWFSBHF PQFSBUJPO� य़FSF BSF UISFF EJTUJODU GFB�
UVSFT� 'PS QSJWBDZ DPOTJEFSBUJPO� �
 SBX EBUBTFU Dm GPS m ∈ [M]
BSF LFQU MPDBM BOE POMZ JOUFSNFEJBUF MPDBM NPEFM VQEBUFT BSF DPN�
NVOJDBUFE� 'PS DPNNVOJDBUJPO Fਖ਼DJFODZ� �
 QBSUJBM DMJFOU QBSUJD�
JQBUJPO JO 4UFQ � JT VTFE XIFSF POMZ B TVC�TBNQMF Stc PG DMJFOUT
QBSUJDJQBUF JO SPVOE tc CZ FJUIFS TFSWFS TBNQMJOH PS DMJFOU WPMVO�
UFFSJOH� BOE �
 QFSJPEJD DPNNVOJDBUJPO JT VTFE J�F� QBSUJDJQBUJOH
DMJFOUT SVO NVMUJQMF MPDBM VQEBUFT SBUIFS UIBO POF CFGPSF TVCNJU�
UJOH UIF MPDBM VQEBUFT UP UIF TFSWFS�

��� %JॐFSFOUJBM 1SJWBDZ
%F॑OJUJPO PG %JॐFSFOUJBM 1SJWBDZ� %JFSFOUJBM 1SJWBDZ 	%1

<��> BT B GPSNBM NBUIFNBUJDBM GSBNFXPSL QSPWJEJOH SJHPSPVT QSJ�
WBDZ QSPUFDUJPO IBT CFFO FYUFOTJWFMZ JODPSQPSBUFE JOUP B CSPBE
SBOHF PG EBUB BOBMZTJT UBTLT PWFS UIF MBTU EFDBEF SBOHJOH GSPN
TJNQMF TUBUJTUJDBM FTUJNBUJPOT UP DPNQMJDBUFE NBDIJOF MFBSOJOH BM�
HPSJUINT <� �� ��>�

%F॑OJUJPO � 		ϵ,δ 
�%JॐFSFOUJBM 1SJWBDZ <��>
� " SBOEPNJ[FE
NFDIBOJTN M : D → R XJUI EPNBJO D BOE SBOHF R TBUJT�
FT 	ϵ,δ 
�EJFSFOUJBM QSJWBDZ 		ϵ,δ 
�%1
 JG GPS BOZ UXP OFJHICPSJOH
EBUBTFUT D,D ′ ∈ D UIBU EJFS POMZ CZ B TJOHMF SFDPSE BOE GPS BOZ
TVCTFUT PG PVUQVUT S ⊆ R JU IPMET UIBU

1S[M(D) ∈ S] ≤ eϵ 1S[M(D ′) ∈ S] + δ .

*U FOTVSFT UIBU UIF PVUQVU PG B %1 BMHPSJUIN JT JOEJTUJOHVJTI�
BCMF SFHBSEMFTT PG UIF QSFTFODF PS BCTFODF PG B SFDPSE FWFO JO UIF
XPSTU�DBTF TDFOBSJP XIFSF UIF BEWFSTBSZ IBT LOPXO BMM UIF SFDPSET
FYDFQU POF� य़F QBSBNFUFS ϵ  XIJDI JT BMTP LOPXO BT UIF QSJWBDZ
CVEHFU NBOJGFTUT UIF VQQFS CPVOE PG UIF QSJWBDZ MPTT� य़F TNBMMFS
ϵ  UIF MFTT UIF QSJWBDZ MPTT� य़F PUIFS QBSBNFUFS δ ≥ 0 DBQUVSFT

Client!!"#$
[! = 10]

“Public” 
clients

➀ Server divides all clients into !!
“public” clients and !" “private” 
clients (!!< !") according to 
their specified privacy budgets.

“Private” 
clients

w#$! ←w# + ()* ∆,w%('()) + -+-+,∆,w%('#-.)

Private updates projection

a

➁ If there are adequate
privacy budgets to 
perform the next 
training round, repeat %
iterations and compute 
the noisy weight updates 
∆'x/0 via DPSGD

Local training

➃ Server computes top-k eigenspace 
(+ of the “public” updates ∆'x/'() .  
➄ Server projects and reconstructs the 
“private” updates ∆'x/'#-. using (+ .
➅ Server averages the projected 
“private” updates and non-projected 
“public” updates

Server

⋯⋯

Client !%!
"#$

[! = 8]
➂ Upload ∆/x /

0!

➆ Broadcas
t x /$

!
Client !%"

"&'(

[! = 0.8]

Client !!"&'(
[! = 1]

x/$! ← x/ + ()* ∆/x/'() + -+-+,∆/x/'#-.

⋯)

!#

= ∆#x$%&'

Insensitive to small noise

⋯

∆/x/'#-.

✘
⋯

-+-+, ∆/x/'#-.
Projection

∆/x/0 ← /x/,20 − x/

'JHVSF �� 'SBNFXPSL PG QSPKFDUFE GFEFSBUFE BWFSBHJOH XJUI
IFUFSPHFOFPVT EJॐFSFOUJBM QSJWBDZ 	"MHPSJUIN �
�

UIF QSPCBCJMJUZ UIBU UIF ϵ�EJFSFOUJBM QSJWBDZ 	ϵ�%1
 <��> JT CSPLFO�
(JWFO B TQFDJFE ϵ  UIF TNBMM δ  UIF MFTT UIF QSPCBCJMJUZ PG QSJWBDZ
MFBLBHF� "OE XIFO δ = 0 	ϵ,δ 
�%1 JT BMTP LOPXO BT UIF QVSF ϵ�%1�
$PNQPTBCJMJUZ PG %JॐFSFOUJBM 1SJWBDZ� "O BQQFBMJOH GFBUVSF
PG %1 JT UIBU JU BMMPXT B DPNQMFY %1 BMHPSJUIN UP CF CVJMU GSPN
NVDI TJNQMFS CVJMEJOH CMPDLT XIPTF %1 JT FBTJFS UP BOBMZ[F BT
FMBCPSBUFE JO UIF GPMMPXJOH UXP QSPQFSUJFT�

1ॸॵॶ५ॸॺॿ � ࢘ࢍࢠ࢚࣌4	 
<��>࢚࢛ࢠ࢛࢙࢛࢟࢜$� -FU UIF SBO�
EPNJ[FE NFDIBOJTN Mi : D → R FBDI TBUJTटFT (ϵi ,δi )�%1� Fࡋ
TFRVFODF PG {Mi }i ∈[M ] TBUJTGZ (

∑
i ϵi ,

∑
i δi )�%1�

1ॸॵॶ५ॸॺॿ � ࢘࢘࢘ࢍ࢞ࢍ1	 
<��>࢚࢛ࢠ࢛࢙࢛࢟࢜$� -FU UIF SBOEPN�
J[FE NFDIBOJTN Mi : Di → R FBDI TBUJTटFT (ϵi ,δi )�%1 XIFSF UIF
TFRVFODF PG {Di }i ∈[M ] BSF EJTKPJOU TVCTFUT PG EPNBJO D� "OZ GVOD�
UJPOT д PO UIF TFRVFODF PG {Mi }i ∈[M ] J�F� д(M1,M2, . . . ) TBUJTGZ
(NBYi ϵi ,NBYi δi )�%1�

#PUI PG UIF BCPWF UXP QSPQFSUJFT BSF JNQPSUBOU BOE QSBDUJDBM UP
BOBMZ[F UIF DVNVMBUJWF QSJWBDZ MPTT JODVSSFE CZ DPNQPTJOH NVMUJ�
QMF %1 NFDIBOJTNT�
%1 4UPDIBTUJD (SBEJFOU %FTDFOU� " NBKPS NJMFTUPOF PO %1 NB�
DIJOF MFBSOJOH JT UIF%1 TUPDIBTUJD HSBEJFOU EFTDFOU 	%14(%
 <�> BM�
HPSJUIN XIJDI CFDPNFT B GVOEBNFOUBM CVJMEJOH CMPDL GPS USBJOJOH
EFFQ MFBSOJOH NPEFMT XJUI %1� %14(% BEET OPJTF PO UIF DMJQQFE
HSBEJFOUT EVSJOH FBDI USBJOJOH JUFSBUJPO UP FOTVSF UIBU FBDI HSBEJ�
FOU EFTDFOU JT EJFSFOUJBMMZ QSJWBUF BOE UIVT UIF OBM NPEFM BMTP
TBUJTFT EJFSFOUJBM QSJWBDZ EVF UP UIF DPNQPTJUJPO QSPQFSUJFT�
.PNFOUT "DDPVOUBOU� 1SJPS XPSL <�> QPJOUT PVU UIF OBJWF TF�
RVFOUJBM DPNQPTJUJPO BOE UIFJS FYUFOTJPOT 	F�H� UIF TUSPOH DPNQP�
TJUJPO UIFPSFN<��>
 DBOOPU FTUJNBUF UIF QSJWBDZ MPTT BDDVNVMBUJPO
GPS UIF JUFSBUJWF 4(% USBJOJOH QSPDFTT UJHIUMZ� 5P TPMWF UIJT QSPC�
MFN UIF NPNFOUT BDDPVOUBOU 	."
 UFDIOJRVF JT QSPQPTFE XIJDI
LFFQT USBDL PG UIF MPH NPNFOUT PG UIF QSJWBDZ MPTT WBSJBCMF VOEFS
UIF 1PJTTPO TVCTBNQMJOH BOE DBO CF TFFO BT B UJHIUFS WBSJBOU PG



TFRVFOUJBM DPNQPTJUJPO� 'PS DPNQMFUFOFTT XF JOUSPEVDF ." EF�
OJUJPO BOE QSPQFSUJFT JO 4VQQMFNFOU� *O UIJT XPSL XF XJMM BQQMZ
UIF NPNFOUT BDDPVOUBOU UFDIOJRVF UP USBDF UIF QSJWBDZ MPTT EVS�
JOH FBDI DMJFOUT MPDBM USBJOJOH QSPDFTT BOE UFSNJOBUF CFGPSF UIF
MPTT FYDFFET UIF UBSHFU QSJWBDZ CVEHFU�

� 130104&% .&5)0%4
*O UIJT TFDUJPO XF STU GPSNBMJ[F UIF GFEFSBUFE MFBSOJOH XJUI
IFUFSPHFOFPVT %1 QSPCMFN 	4VCTFDUJPO ���
 BOE EFTDSJCF UIF
PWFSBMM GSBNFXPSL XJUI MPDBM QSJWBDZ NFDIBOJTNT 	4VCTFDUJPO
���
� य़FO XF JEFOUJGZ UIF LFZ DIBMMFOHF� )PX UP QJOQPJOU UIF
LFZ JOEJDBUJWF JOGPSNBUJPO GSPN UIF QVCMJDڦ DMJFOUTڧ UIBU IFMQT JN�
QSPWF UIF PWFSBMM VUJMJUZ PG UIF HMPCBM NPEFM XJUIPVU CJBTJOH JU 
5P BOTXFS UIF RVFTUJPO XF QSPQPTF UISFF B॒FNQUT XIJDI BSF
NBJO UFDIOJDBM DPOUSJCVUJPOT PG UIF QBQFS�
	�
 8FJ"WH 	4VCTFDUJPO ���
� " OBUVSBM ZFU OBJWF JEFB JT UP BT�

TJHO MBSHFS XFJHIU GPS UIF ۠QVCMJDۡ DMJFOUT XIJMF DVSUBJMJOH UIF
XFJHIU GPS UIF ۠QSJWBUFۡ DMJFOUT XJUI IPQF UIBU UIF MFTT QFS�
UVSCFE ۠QVCMJDۡ VQEBUFT XJMM JNQSPWF UIF VUJMJUZ PG UIF HMPCBM
NPEFM� B QPUFOUJBM MJNJUBUJPO PG UIJT BQQSPBDI JT UIBU UIF JOV�
FODF GSPN UIF ۠QVCMJDۡ DMJFOUT NBZ EPNJOBUF UIF ۠QSJWBUFۡ POFT
BOE CJBT UIF HMPCBM NPEFM�

	�
 1'" 	4VCTFDUJPO ���
� " NPSF FFDUJWF XBZ UP ۠SFXFJHIUۡ UIF
UXP UZQFT PG DMJFOUT JT UP NBLF VTF PG UIF MFBEJOH TJOHVMBS TQBDF
PG ۠QVCMJDۡ VQEBUFT BOE QSPKFDU ۠QSJWBUFۡ VQEBUFT POUP JU XIJDI
EJTDBSET UIF VTFMFTT JOGPSNBUJPO JODVSSFE CZ IFBWZ QSJWBUF QFS�
UVSCBUJPO PG UIF ۠QSJWBUFۡ VQEBUFT XIJMF TUJMM LFFQJOH UIF NPTU
FTTFOUJBM JOGPSNBUJPO MJFE BMPOH UIF UPQ TJOHVMBS TQBDF�

	�
 1'"� 	4VCTFDUJPO ���
� #Z GPMMPXJOH UIF PCTFSWBUJPO UIBU UIF
UPQ TJOHVMBS TQBDF FWPMWFT TMPXMZ CFUXFFO UXP DPOTFDVUJWF
SPVOET XF GVSUIFS QSPQPTF UP VTF EFMBZFE QSPKFDUJPO UP BHHSFT�
TJWFMZ SFEVDF UIF VQMJOL DPNNVOJDBUJPO DPTU GPS UIF ۠QSJWBUFۡ
DMJFOUT XJUIPVU TBDSJDJOH VUJMJUZ�

��� 'FEFSBUFE -FBSOJOH XJUI )FUFSPHFOFPVT
%JॐFSFOUJBM 1SJWBDZ

8F STU GPSNBMJ[F IFUFSPHFOFPVT %1 GPS GFEFSBUFE MFBSOJOH�

%F॑OJUJPO � 	)FUFSPHFOFPVT %JॐFSFOUJBM 1SJWBDZ JO 'FE�
FSBUFE -FBSOJOH 	'-�)%1

� -FU UIF TFU PG DMJFOUT CF C =
{C1, . . . ,CM } XIFSF FBDI DMJFOUCm ∈ C IPMET B MPDBM EBUBTFUDm �
य़F GFEFSBUFE MFBSOJOH TBUJTFT {(ϵm ,δm)}m∈[M ]�IFUFSPHFOFPVT
EJFSFOUJBM QSJWBDZ JG FBDI DMJFOU TBUJTFT (ϵm ,δm)�EJFSFOUJBM QSJ�
WBDZ XJUI SFTQFDU UP JUT MPDBM EBUBTFU�

3FNBSL �� *O UIF DSPTT�TJMP '- TF॒JOH XIFSF FBDI DMJFOU IBT
NVMUJQMF VTFST EBUB TBNQMFT UIF EFOJUJPO FOTVSFT VTFS�MFWFM 	PS
TBNQMF�MFWFM
 %1 GPS BMM UIF MPDBM EBUBTFUT BU FBDI DMJFOU XIJMF BM�
MPXJOH DMJFOU�MFWFM QSJWBDZ DVTUPNJ[BUJPO� &BDI DMJFOU DBO TFU ϵm
CBTFE PO JUT QSJWBDZ QPMJDZ PS FWFO BMMPX UIFJS VTFST UP TQFDJGZ UIFJS
PXO QSJWBDZ QSFGFSFODFT J�F� VTFS�MFWFM QFSTPOBMJ[FE %1� *O UIF MBU�
UFS DBTF FBDI DMJFOU DBO VTF UIF NJOJNVN WBMVF PWFS BMM UIF VTFST
BT JUT QSJWBDZ QSFGFSFODF ϵm � 8IJMF XF GPDVT PO DMJFOU�MFWFM IFU�
FSPHFOFJUZ BO JOUFSFTUJOH GVUVSF SFTFBSDI JT UP EFWFMPQ BMHPSJUINT
UIBU BDIJFWF QFSTPOBMJ[FE %1 GPS EJFSFOU VTFST BU FBDI DMJFOU XJUI
FOIBODFE VUJMJUZ� 8F BMTP BTTVNF UIF QSJWBDZ QSFGFSFODF PG FBDI
DMJFOU JT QVCMJD UP UIF DFOUSBM TFSWFS�

"OBJWF BQQSPBDI�NJOJNVNNFDIBOJTN�य़FNJOJNVNNFDI�
BOJTN DBO CF BMTP BQQMJDBCMF GPS UIF '- J�F� VTJOH UIF NJOJNVN PG
ϵm PG BMM DMJFOUT BOE UIFO MFWFSBHJOH FYJTUJOH %1 GFEFSBUFE MFBSO�
JOH NFUIPET EFTJHOFE GPS VOJGPSN EJFSFOUJBM QSJWBDZ� )PXFWFS
UIJT BQQSPBDI XPVME PCWJPVTMZ MFBE UP B MBSHF BNPVOU PG VOEFS�
VUJMJ[FE QSJWBDZ CVEHFUT BOE TVCPQUJNBM VUJMJUZ FTQFDJBMMZ XIFO
UIFSF JT B HSFBU EJWFSTJUZ PG QSJWBDZ QSFGFSFODFT BNPOH BMM DMJFOUT�
)FODF BNPSF SFBTPOBCMF JEFB JT UP FOTVSF UIF BDDVNVMBUFE QSJWBDZ
MPTT PG FBDI DMJFOU JT CPVOEFE CZ UIF DMJFOU�TQFDJD QSJWBDZ CVEHFU
ϵm  BOE EFWFMPQ OFX %1 GFEFSBUFE MFBSOJOH NFUIPET EFEJDBUFE UP
UIF IFUFSPHFOFPVT %1�

0WFSBMM 'SBNFXPSL� "O JMMVTUSBUJPO PG PVS PWFSBMM QSPQPTFE
GSBNFXPSL JT QSPWJEFE JO 'JHVSF �� य़F CBTJD JEFB JT UIBU UIF TFSWFS
QBSUJUJPOT UIF DMJFOUT JOUP ۠QVCMJDۡ BOE ۠QSJWBUFۡ DMJFOUT BDDPSEJOH
UP UIFJS QSJWBDZ CVEHFUT� 8F EFOPUF UIF UPUBM OVNCFS PG 4(% JU�
FSBUJPOT CZ T � "U FBDI DPNNVOJDBUJPO SPVOE tc  UIF TFSWFS SBO�
EPNMZ TBNQMFT B TVCTFU PG K 	K ≤ M
 DMJFOUT Stc BOE CSPBEDBTUT
UIF DVSSFOU HMPCBM NPEFM Ytc UP BMM UIF QBSUJDJQBOUT� &BDI QBSUJDJ�
QBUJOH DMJFOU Cm ∈ Stc SVOT τ MPDBM 4(% TUFQT JOEFQFOEFOUMZ XJUI
%1 BOE UIFO VQMPBET OPJTZ NPEFM VQEBUFT UP UIF TFSWFS� य़F TFSWFS
UIFO BHHSFHBUFT UIF OPJTZ NPEFM VQEBUFT UP GPSN UIF HMPCBM NPEFM
CBTFE PO PVS QSPQPTFE BMHPSJUINT UBJMPSFE UP UIF IFUFSPHFOFPVT
%1 JODMVEJOH 8FJ"WH 1'" BOE 1'"� 	UIF HVSF JMMVTUSBUF UIF 1'"
BMHPSJUIN GPS UIF BHHSFHBUJPO DPNQPOFOU
�

3FNBSL �� $POTJEFSJOH UIF EJWFSTJUZ PG JOEJWJEVBMT BOE PSHBOJ[B�
UJPOT QSJWBDZ QSFGFSFODFT JU JT SFBMJTUJD UP FYQFDU B TNBMM GSBDUJPO
PG UIF DMJFOUT NBZ DIPPTF B MBSHFS QSJWBDZ CVEHFU 	J�F� B XFBLFS
QSJWBDZ QSPUFDUJPO
 FTQFDJBMMZ XIFO UIFSF BSF JODFOUJWFT TVDI BT
JO FYDIBOHF GPS OBODJBM DPNQFOTBUJPO PS B NPSF FFDUJWF NPEFM�
'PS TJNQMJDJUZ XF DPOTJEFS FBDI DMJFOUT QSJWBDZ CVEHFU BT B SBO�
EPN WBSJBCMF UIBU GPMMPXT BO VOLOPXO EJTUSJCVUJPO� 	F�H� (BVTT�
JBO NJYUVSF EJTUSJCVUJPO 1BSFUP EJTUSJCVUJPO FUD
� 'PS TFQBSBUJOH
UIF ۠QVCMJDۡ BOE ۠QSJWBUFۡ DMJFOUT DMVTUFSJOH BOBMZTJT 	F�H� (BVTT�
JBO NJYUVSF NPEFM
 DBO CF VTFE UP HSPVQ UIF DMJFOUT JOUP UXP DMVT�
UFST� 8F DBO BMTP DIPPTF UIF UPQ�K DMJFOUT JO UFSNT PG UIF QSJWBDZ
CVEHFUT BT UIF ۠QVCMJDۡ DMJFOUT FTQFDJBMMZ JG UIF QPUFOUJBM EJTUSJCV�
UJPO JT SFMBUJWFMZ VOJGPSN XIJDI NFBOT UIF CPSEFST CFUXFFO UIF
UXP UZQFT PG DMJFOUT BSF GV[[Z XIFSF UIF WBMVF PG K UFOET UP CF
TNBMM BOE EFQFOET PO UIF BQQMJDBUJPOT�

��� %JॐFSFOUJBMMZ 1SJWBUF -PDBM 6QEBUF
*O UIJT QBSU XF QSFTFOU UIF DMJFOU TJEF %1 NFDIBOJTN BOE BOBMZ�
TJT XIJDI BSF DPNNPO DPNQPOFOUT TIBSFE CZ BMM UISFF BMHPSJUINT�
5P FOTVSF %1 GPS UIF NPEFM VQEBUFT GPS FBDI DMJFOU XF BEBQU UIF
TUBOEBSE %14(% BMHPSJUIN <�> UP GFEFSBUFE TF॒JOH BOE BQQMZ UIF
NPNFOU BDDPVOUBOU 	."
 <�> GPS LFFQJOH USBDL PG UIF BDDVNVMBUFE
QSJWBDZ MPTT BU FBDI DMJFOU PWFS UIF DPVSTF PG USBJOJOH�

-PDBM %14(%� 'PS QBSUJDJQBUJOH DMJFOUT JO FBDI SPVOE UIFZ QFS�
GPSN B OVNCFS PG MPDBM 4(% TUFQT CFGPSF VQMPBEJOH UIF NPEFM
VQEBUFT UP UIF TFSWFS� *U JT GBJSMZ TUSBJHIUGPSXBSE UP JOUFHSBUF
UIF %14(% BMHPSJUIN JOUP UIF MPDBM VQEBUF QSPDFEVSF XJUI XFMM�
EFTJHOFE (BVTTJBO OPJTF BEEFE PO UIF HSBEJFOUT JO FBDI JUFSBUJPO
JO PSEFS UP BDIJFWF VTFS�MFWFM %1 PO UIF NPEFM VQEBUFT UP CF VQ�
MPBEFE UP UIF TFSWFS�



"MHPSJUIN �� 8FJHIUFE "WFSBHJOH XJUI )FUFSPHFOFPVT
%JFSFOUJBM 1SJWBDZ 	8FJ"WH

JOQVU �DMJFOUT QSJWBDZ QSFGFSFODFT {(ϵm, δm)}m∈[M ]  UPUBM SPVOET T
PVUQVU �HMPCBM NPEFM YT

� Y0 ← 	*OJUJBMJ[F SBOEPNMZ

� GPS t ′ = 0 UP ( T−1τ * EP
� tc ← t ′τ
� Stc ← 	SBOEPN TVCTFU PG K DMJFOUT

� GPSFBDI DMJFOU Cm ∈ Stc EP JO QBSBMMFM
� ∆Ymtc ← -PDBM%14(%(Ytc )

� ∆Ȳtc ←
∑
m∈[K ] WStc (ϵm) ·∆Ymtc

� Ytc+τ ← Ytc −∆Ȳtc
� SFUVSO YT

#VEHFU "DDPVOUBOUT�"O JNQPSUBOU UBTL GPS BDIJFWJOH '-�)%1 JT
UP LFFQ USBDL PG UIF VTBHF PG QSJWBDZ CVEHFU GPS FBDI PG UIF DMJFOUT
BMPOH UIF DPVSTF PG USBJOJOH� 0ODF UIF QSJWBDZ CVEHFU SVOT PVU
DMJFOUT DBO PQU PVU GSPN UIF SFNBJOJOH USBJOJOH� *O PVS XPSL XF
MFWFSBHF UIF NPNFOU BDDPVOUBOU UFDIOJRVF BOE JOUSPEVDF B NPOJ�
UPSJOH NPEVMF DBMMFE UIF CVEHFU BDDPVOUBOU XIJDI JT JO DIBSHF PG
QSJWBDZ CVEHFU BDDPVOUJOH� 	�
 1SF�DIFDL BU UIF CFHJOOJOH PG UIF
DPNNVOJDBUJPO SPVOE JG B DMJFOU IBT TVਖ਼DJFOU QSJWBDZ CVEHFU UP
QBSUJDJQBUF JO UIF DVSSFOU SPVOE� 	�
 $PNQVUF BOE VQEBUF UIF BDDV�
NVMBUFE QSJWBDZ MPTT PG B DMJFOU BॏFS UIF DVSSFOU DPNNVOJDBUJPO
SPVOE JT PWFS�

1SJWBDZ CVEHFU QFS SPVOE� #BTFE PO UIF BCPWF NPEVMFT UIFSF
BSF UXP GFBTJCMF TUSBUFHJFT GPS EFUFSNJOJOH UIF QSJWBDZ CVEHFU UP
VTF GPS FBDI SPVOE�

• 6OJGPSN CVEHFUT� XF FOGPSDF UIF TBNF QSJWBDZ CVEHFU GPS BMM
UIF DMJFOUT GPS FBDI SPVOE J�F� UIF BEEJUJWF (BVTTJBO OPJTFT PG
BMM DMJFOUT BSF ESBXO GSPN BO JEFOUJDBM EJTUSJCVUJPO� *O UIJT DBTF
UIPTF DMJFOUT XJUI B TNBMMFS QSJWBDZ CVEHFU XJMM TQFOE UIFJS QSJ�
WBDZ CVEHFUT SFMBUJWFMZ RVJDLMZ BOE UFSNJOBUF UIF USBJOJOH FBS�
MJFS XIJMF UIF PUIFST XJMM DPOUJOVF QBSUJDJQBUJOH JO UIF GPMMPXJOH
USBJOJOH VOUJM UIFSF BSF OP TVਖ਼DJFOU DMJFOUT MFॏ GPS UIF OFYU DPN�
NVOJDBUJPO SPVOE�

• )FUFSPHFOFPVT CVEHFUT� XF VTF QSJWBDZ CVEHFU GPS FBDI DMJFOU JO
FBDI SPVOE QSPQPSUJPOBM UP UIFJS PWFSBMM QSJWBDZ CVEHFU ϵm  J�F�
UIF BEEJUJWF (BVTTJBO OPJTFT PG UIF DMJFOUT BSF ESBXO GSPN EJञFS�
FOU EJTUSJCVUJPOT EFUFSNJOFE CZ UIFJS QSJWBDZ CVEHFU� 'PS FBDI
PG UIF DMJFOUT TJODF JUT UPUBM QSJWBDZ CVEHFU TIPVME CF BMMPDBUFE
UP NVMUJQMF MPDBM 4(% TUFQT B TNBMM QSJWBDZ CVEHFU XJMM SFTVMU JO
B MBSHF OPJTF QFS JUFSBUJPO BOE WJDF WFSTB� *O UIJT DBTF BMM DMJFOUT
QSJWBDZ CVEHFUT XJMM SVO PVU SPVHIMZ BU UIF TBNF UJNF�

'PS CPUI PG UIFTF TUSBUFHJFT BHHSFHBUJOH UIF OPJTZ MPDBM VQEBUFT
JO B TUSBJHIUGPSXBSE XBZ 	J�F� GFEFSBUFE BWFSBHJOH <��>
 UP GPSN
B HMPCBM NPEFM XPVME JOFWJUBCMZ MFBE UP B CJBTFE FTUJNBUPS PG UIF
NPEFM VQEBUFT BOE TVCPQUJNBM NPEFM VUJMJUZ� 'PS UIF GPSNFS UIF
FSSPS JT JOEVDFE CZ DBUBTUSPQIJD GPSHFࡇJOH <��> UIBU JT UIF LOPXM�
FEHF GSPN DMJFOUTXIP TUBZ VOUJM UIF FOE DPVME PWFSXSJUF UIF LOPXM�
FEHF GSPN DMJFOUT XIP UFSNJOBUF FBSMZ� 'PS UIF MB॒FS UIF FSSPS JT
JOEVDFE CZ UIF BEEJUJWF (BVTTJBO NJYUVSF OPJTF JG B TJNQMF BWFSBHF
GVODUJPO JT BQQMJFE GPS NPEFM BHHSFHBUJPO� *O UIJT QBQFS XF GPDVT
PO UIF TFDPOE TUSBUFHZ 	BT TIPXO JO "MH� � JO UIF TVQQMFNFOU
 BOE
QSPQPTF FFDUJWF BHHSFHBUJPO NFUIPET GPS FSSPS DPSSFDUJPO JO 4VC�
TFDUJPO ��� BOE ����

"MHPSJUIN �� 1SPKFDUFE 'FEFSBUFE "WFSBHJOH XJUI )FUFSP�
HFOFPVT %JFSFOUJBM 1SJWBDZ 	1'"

JOQVU �$MJFOUT QSJWBDZ QSFGFSFODFT {(ϵm, δm)}m∈[M ]  UPUBM SPVOET T
PVUQVU �HMPCBM NPEFM YT

� Y0 ← 	*OJUJBMJ[F SBOEPNMZ

� GPS t ′ = 0 UP ( T−1τ * EP
� tc ← t ′τ
� Stc ← 	SBOEPN TVCTFU PG K DMJFOUT

� S(pub)

tc , S(pr i)
tc ←	1BSUJUJPO Stc JOUP UXP HSPVQT BDDPSEJOH UP DMJFOUT QSJWBDZ

SFRVJSFNFOUT

� GPSFBDI DMJFOU Cm ∈ Stc EP JO QBSBMMFM
� ∆Ymtc ← -PDBM%14(%(Ytc )

� ∆Ȳtc ← 1SPKFDUFE'FE"WH({∆Ymtc }m∈[K ], S
(pub)
tc , S(pr i)

tc )

� Ytc+τ ← Yt −∆Ȳtc
�� SFUVSO YT

��� 8FJ"WH� 8FJHIUFE "WFSBHJOH
5P TPMWF JOIFSFOU FSSPS BDDVNVMBUJPO JOEVDFE CZ UIF BEEJUJWF
(BVTTJBO NJYUVSF OPJTF BOE NBLF B CF॒FS USBEF�P CFUXFFO QSJ�
WBDZ XJUI IFUFSPHFOFPVT QSJWBDZ CVEHFUT BOE NPEFM VUJMJUZ XF
STU QSPQPTF BO JOUVJUJWF8FJHIUFE"WFSBHJOH 	8FJ"WH
 BQQSPBDI
XIJDI BMMPXT FBDI PG UIF DMJFOUT UP DPOUSJCVUF QSPQPSUJPOBUFMZ UP
UIFJS QSJWBDZ CVEHFUT UP UIF BHHSFHBUFE NPEFM� 5FDIOJDBMMZ XF EF�
OF UIF XFJHIU GVODUJPOW : R→ RX�S�U DMJFOUT QSJWBDZ CVEHFUT
ϵm BT GPMMPXT�

WS(ϵm) =
ϵm∑

m∈S ϵm
,

XIFSF S EFOPUFT B TVCTFU PG TBNQMFE DMJFOUT� य़VT UIF VQEBUFT
XJUI B HSFBUFS NBHOJUVEF PG OPJTF XJMM HFU B TNBMMFS XFJHIU BMMFWJ�
BUJOH UIFJS OFHBUJWF JNQBDU PO UIF VUJMJUZ PG UIF BHHSFHBUFE NPEFM�

0VS FYQFSJNFOUBM SFTVMUT JO 4FDUJPO � TIPX UIBU JO NPTU DBTFT
UIF XFJHIUFE BWFSBHJOH BDIJFWFT PCWJPVT JNQSPWFNFOU DPNQBSFE
XJUI UIF GFEFSBUFE BWFSBHJOH� )PXFWFS TVDI B TUSBJHIUGPSXBSE BN�
QMJDBUJPO PG UIF JOVFODF GSPN UIF ۠QVCMJDۡ DMJFOUT VQEBUFT IBT
B SJTL PG EPNJOBUJOH UIF ۠QSJWBUFۡ DMJFOUT BOE CJBTJOH UIF HMPCBM
NPEFM XIJDI XJMM CF JMMVTUSBUFE JO UIF FYQFSJNFOUT� "MUIPVHI TVC�
PQUJNBM 8FJ"WH QSPWJEFT VT UXP JNQPSUBOU JOTJHIUT NPUJWBUJOH VT
UP EFTJHO B CF॒FS BHHSFHBUJPO TUSBUFHZ GPS UIF '-�)%1 QSPCMFN�
�
 0O UIF POF IBOE UIF TVQFSJPSJUZ PG 8FJ"WH PWFS WBOJMMB 'FE"WH
JOEJDBUFT UIBU NBLJOH CF॒FS VTF PG NPSF ۠QVCMJDۡ DMJFOUT VQEBUF JO�
EFFE IFMQ JNQSPWF UIF VUJMJUZ PG UIF HMPCBM NPEFM�
�
 0O UIF PUIFS IBOE JU JT DSVDJBM UP FYUSBDU UIF SJHIU QJFDF PG JO�
GPSNBUJPO GSPN ۠QVCMJDۡ DMJFOUT JO PSEFS UP BWPJE ۠QVCMJDۡ DMJFOUT
EPNJOBUJOH UIF ۠QSJWBUFۡ DMJFOUT�

��� 1'"� 1SPKFDUFE 'FEFSBUFE "WFSBHJOH
*O UIJT TFDUJPO XF QSPQPTF BO BEWBODFE BQQSPBDI DBMMFE 1SPKFDUFE
'FEFSBUFE "WFSBHJOH XJUI IFUFSPHFOFPVT %1 	1'"
 JO PSEFS UP
NBLF UIF NPTU PG FWFSZ OPJTZ MPDBM VQEBUFT BOE PCUBJO BO PQUJ�
NBM OPJTF�SFEVDFE BHHSFHBUFENPEFM VOEFS IFUFSPHFOFPVT QSJWBDZ
CVEHFUT DPOEJUJPOT�य़F LFZ JEFB JT UP FYUSBDU UIF UPQ TJOHVMBS TQBDF
GSPN UIF ۠QVCMJDۡ DMJFOUT VQEBUFT BOE QSPKFDU UIF ۠QSJWBUFۡ DMJFOUT
VQEBUFT POUP UIF FYUSBDUFE MPX�SBOL TQBDF� 1'" IBT UXP BEWBO�
UBHFT PWFS EJSFDUMZ BNQMJGZJOH UIF JOVFODF PG ۠QVCMJDۡ DMJFOUT VQ�
EBUFT WJB 8FJ"WH�
• 8FJ"WH EPFT OPU NJUJHBUF UIF OPJTZ JOGPSNBUJPO DPOUBJOFE JO
۠QVCMJDۡ DMJFOUT VQEBUFT 	SFDBMM UIBU ۠QVCMJDۡ DMJFOUT TUJMM JOUSP�
EVDF %1 OPJTF BMUIPVHI TNBMMFS UIBO ۠QSJWBUFۡ DMJFOUT
 XIJMF



"MHPSJUIN �� 1SPKFDUFE 'FEFSBUFE "WFSBHJOH
JOQVU �/PJTZ NPEFM VQEBUFT {∆Ym }m∈[K ]  ۠QVCMJDۡ DMJFOUT S(pub)  ۠QSJWBUFۡ

DMJFOUT S(pr i)

PVUQVU � UIF BHHSFHBUFE NPEFM VQEBUFT ∆Ȳ
� 'VODUJPO 2TQLGEVGF(GF#XI
{∆Ym }m∈[K ]  S(pub)  S(pr i)��
� ∆Ȳpub ← ∑

m∈S(pub) WS(pub) (ϵm) ·∆Ym

� Σ← ∆Ȳ(pub) · (∆Ȳ(pub))+
� 7k ← 	$PNQVUF UIF UPQ�k FJHFOWFDUPST PG Σ


�� 2TQLGEV VJG BBRTKXCVG		 WRFCVGU

� ∆Ȳ(pr i) ← ∑
m∈S(pr i) WS(pr i) (ϵm) ·∆Ym

� ∆Ŷ(pr i) ← 7k7+k∆Ȳ(pr i)

�� 2TQLGEVGF HGFGTCVGF CXGTCIKPI

� S ← S(pub) + S(pr i)

� ∆Ȳ←
∑
m∈S(pub) ϵm∑

m∈S ϵm
·∆Ȳ(pub) +

∑
m∈S(pr i) ϵm∑

m∈S ϵm
·∆Ŷ(pr i)

� SFUVSO ∆Ȳ

1'" MUFST PVU UIF OPJTZ JOGPSNBUJPO JO UIF CP॒PN TJOHVMBS
TQBDF BOE LFFQT POMZ UIF VTFGVM JOGPSNBUJPO QPTTFTTFE CZ UIF
UPQ TJOHVMBS TQBDF�

• 8FJ"WH DVSUBJMT UIF PWFSBMM JOGPSNBUJPO JODMVEJOH CPUI VTFGVM
BOE OPJTZ DPNQPOFOUT GSPN ۠QSJWBUFۡ DMJFOUT VQEBUFT XIJMF 1'"
LFFQT UIF VTFGVM DPNQPOFOUT CZ QSPKFDUJPO CBTFE PO UIF PCTFS�
WBUJPO UIBU UIF VTFGVM DPNQPOFOU UFOET UP MJF PO UIF DPNNPO
MPX�SBOL TVCTQBDF TIBSFE CZ CPUI ۠QSJWBUFۡ BOE ۠QVCMJDۡ DMJFOUT�

1SPKFDUFE 'FEFSBUFE "WFSBHJOH� "MH� � TIPXT UIF PWFSBMM 1'"
BMHPSJUIN XJUI DMJFOU�TFSWFS JOUFSBDUJPOT BOE "MH� � TIPXT UIF
TFSWFS�TJEF QSPKFDUJPO�CBTFE BWFSBHJOH JO EFUBJM 	UIF QSPDFEVSF JO
MJOF � PG "MH� �
� 1'" JOWPMWFT UIF GPMMPXJOH GPVS DSJUJDBM TUFQT PO
UIF TFSWFS TJEF�

	�
 $MJFOU EJWJTJPO� "ॏFS UIF DMJFOU TBNQMJOH QSPDFEVSF BU SPVOE
tc ∈ [T ] UIF TFSWFS EJWJEFT UIF QBSUJDJQBUJOH DMJFOUT Stc JOUP
UXP HSPVQT ۗ UIF QSJWBUF DMJFOUT S(pr i)

tc XJUI B TNBMM %1 QBSBN�
FUFS ϵm 	J�F� B SFMBUJWFMZ HSFBUFS NBHOJUVEF PG OPJTF
 BOE UIF
۠QVCMJDۡ DMJFOUT S(pub)

tc XJUI B SFMBUJWFMZ MBSHFS ϵm 	J�F� B MFTT
NBHOJUVEF PG OPJTF
� य़JT DBO CF BDIJFWFE CZ DMVTUFSJOH BMHP�
SJUINT TVDI BTk�NFBOT PS (BVTTJBONJYUVSFNPEFMT� .PSFPWFS
XF SFGFS UP UIFJS SFTQFDUJWF NPEFM VQEBUFT BT ۠QSJWBUFۡ VQEBUFT
BOE ۠QVCMJDۡ VQEBUFT GPS TJNQMJDJUZ 	-JOF � JO "MH� �
�

	�
 4VCTQBDF JEFOUJटDBUJPO� 0ODF UIF TFSWFS SFDFJWFT UIF MPDBM VQ�
EBUFT GSPN QBSUJDJQBUJOH DMJFOUT JU VTFT B TJOHVMBS WBMVF EFDPN�
QPTJUJPO 	47%
�CBTFE QBSBMMFM QSPKFDUJPO NFUIPE MJLF <��> UP
JEFOUJGZ UIF NPTU VTFGVM TVCTQBDF GPS BHHSFHBUJOH UIF VQEBUFT�
य़F QSJNBSZ JEFB JT UIBU XF PCUBJO UIF BQQSPYJNBUFE HSBEJFOU
TVCTQBDF GSPN UIF MFTT OPJTZ JOGPSNBUJPO PG ۠QVCMJDۡ DMJFOUT
DPNQBSFE UP UIF ۠QSJWBUFۡ DMJFOUT� .PSF TQFDJDBMMZ HJWFO UIF
۠QVCMJDۡ VQEBUFT ∆Ymtc ∈ R

p XIFSF Cm ∈ S(pub)
tc BOE UIF

QSPKFDU EJNFOTJPO k < p TFSWFS DPNQVUFT UIF UPQ�k FJHFOWFD�
UPST 7k ∈ Rp×k PG UIF TFDPOE NPNFOU NBUSJY PG UIF BWFSBHF
۠QVCMJDۡ VQEBUFT ∆Ymtc 	-JOF ��� JO "MH� �
� "MUFSOBUJWFMZ XF
DBO BMTP OE QSPKFDUJPO NBUSJDFT UISPVHI SBOEPN QSPKFDUJPO
NFUIPET TVDI BT +PIOTPO�-JOEFOTUSBVTT USBOTGPSN BOE (BVTT�
JBO USBOTGPSN <�>� )PXFWFS PVS FNQJSJDBM SFTVMUT JO 4FDUJPO �
WFSJGZ UIBU UIJT BQQSPBDI DPVME MFBE UP B CJBTFE FTUJNBUPS PG UIF
NPEFM VQEBUFT BOE B ESBNBUJD EFDSFBTF PG NPEFM VUJMJUZ DPN�
QBSFE UP UIF QSPQPTFE BQQSPBDI�

	�
 ڧ1SJWBUFڦ VQEBUFT QSPKFDUJPO� %FQFOEJOH PO UIF DBMDVMBUFE QSP�
KFDUJPO NBUSJDFT UIF TFSWFS QSPKFDUT BOE SFDPOTUSVDUT UIF ۠QSJ�
WBUFۡ VQEBUFT∆Y(pr i)tc WJB UIF QSPKFDUJPO 7k7+k � *O QSBDUJDF JO�
TUFBE PG BQQMZJOH UIF QBSBMMFM QSPKFDUJPO UP FBDI PG ۠QSJWBUFۡ
VQEBUFT BOE UIFO DPNQVUJOH UIF BWFSBHF MBUFS XF BQQMZ JU EJ�
SFDUMZ UP UIF XFJHIUFE NFBO PG UIF ۠QSJWBUFۡ VQEBUFT GSPN BMM
۠QSJWBUFۡ DMJFOUT GPS DPNQVUBUJPO Fਖ਼DJFODZ J�F� 7k7+k∆Ȳ(pr i)tc 
XIJDI JT FRVJWBMFOU UP UIF DBOPOJDBM GPSN TJODF UIF QSPKFDUJPO
POUP B TVCTQBDF JT B MJOFBS USBOTGPSNBUJPO 	-JOF ��� JO "MH� �
�

	�
 1SPKFDUFE GFEFSBUFE BWFSBHJOH� 'JOBMMZ UIF TFSWFS BHHSFHBUFT UIF
PSJHJOBM ۠QVCMJDۡ VQEBUFT BOE UIF QSPKFDUFE ۠QSJWBUFۡ VQEBUFT
WJB XFJHIUFE BWFSBHF UP GPSN UIF HMPCBM NPEFM� 'PMMPXJOH UIF
USBOTGPSNBUJPOT JO UIF QSFWJPVT TUFQT IFSF XF BDUVBMMZ DPN�
QVUF UIF BWFSBHF CZ VTJOH UIFJS XFJHIUFE NFBO WBMVF∆Ȳ(pub)tc
BOE ∆Ŷ(pr i)tc 	-JOF � JO "MH� �
�

3FNBSL �� " HPPE SVMF PG UIVNC PG DIPPTJOH UIF QSPKFDUJPO EJ�
NFOTJPO k JT UP TBUJTGZ UIF DPNNPO IFVSJTUJD UIBU UIF UPQ�k TJOHV�
MBS WBMVFT BSF BU MFBTU c UJNFT BT CJH BT UIF TVN PG UIF PUIFS TJOHV�
MBS WBMVFT XIFSF c JT B EPNBJO�EFQFOEFOU DPOTUBOU� 4USJLJOHMZ PVS
FYQFSJNFOUT TIPX UIBU JU TVਖ਼DFT UP TFU k = 1 	J�F� QSFTFSWF POMZ
UIF MBSHFTU TJOHVMBS WBMVF TQBDF
 UP HBJO MBSHF VUJMJUZ CPPTU XIJDI
JO BEEJUJPO BMMPXT CPUI Fਖ਼DJFOU 47% DPNQVUBUJPO CZ JUFSBUJWF BM�
HPSJUINT MJLF -BOD[PT NFUIPE PS 1PXFS NFUIPE BOE BHHSFTTJWF
VQMJOL DPNNVOJDBUJPO DPNQSFTTJPO UP CF JOUSPEVDFE CZ 1'"��

1SJWBDZ "OBMZTJT� 8F OPX TUBUF UIF IFUFSPHFOFPVT %1 HVBSBO�
UFFT PG PVS 1'" BQQSPBDI JO GFEFSBUFE MFBSOJOH�

5८५ॵॸ५ॳ � 	%९६६५ॸ५ॴॺ९१ॲ 1ॸ९ॼ१३ॿ (ॻ१ॸ१ॴॺ५५ ॵ६ ॲॵ३१ॲ
%14(%
� 'PS FBDI DMJFOU Cm ∈ C HJWFO UIF TBNQMJOH QSPCBCJMJUZ
q = B/Nm BOE UIF UPUBM OVNCFS PG MPDBM 4(% TUFQT T ∗ = KT

M  GPS
BOZ ϵ < c1q2T ∗ UIF MPDBM VQEBUF TBUJTटFT (ϵm ,δm)�EJञFSFOUJBM QSJ�
WBDZ GPS BOZ δm > 0 JG UIF OPJTF TDBMF

σm ≥ c2
q
√
T ∗ MPH (1/δ)

ϵ
XIFSF CPUI c1 BOE c2 BSF DPOTUBOUTM BOE K BSF UIF OVNCFS PG UPUBM
DMJFOUT BOE TBNQMFE DMJFOUT BU FBDI SPVOE SFTQFDUJWFMZ Nm JT UIF TJ[F
PG MPDBM EBUBTFU PG DMJFOU Cm ∈ C BOE B JT UIF TJ[F PG B SBOEPN CBUDI
JO MPDBM 4(% JUFSBUJPOT�

1ॸॵॵ६� य़F QSPPG GPMMPXT UIF %1 QSPPG PG %14(% <�>� "

5८५ॵॸ५ॳ � 	)५ॺ५ॸॵ७५ॴ५ॵॻॹ %९६६५ॸ५ॴॺ९१ॲ 1ॸ९ॼ१३ॿ (ॻ१ॸ१ॴং
ॺ५५ ॵ६ 1'"
� "'F1ࡋ BMHPSJUIN JO "MH� � TBUJTटFT {(ϵm ,δm)}m∈[M ]�
'-�)%1 BOE (NBYm ϵm ,NBYm δm)�%1�

1ॸॵॵ६� *O 1'" XIFSF UIF TFRVFODF PG DMJFOUT MPDBM EBUBTFUT
{Dm }m∈[M ] BSF EJTKPJOU TVCTFUT ESBXO GSPN EPNBJO D BOE FBDI
DMJFOU Cm ∈ C SVOT B NBYJNVN OVNCFS PG T ∗ = KT

M TUFQT
PG %14(% BMHPSJUIN Mm : Dm → Rp UIBU TBUJTFT (ϵm ,δm)�
%1 MPDBMMZ BOE JOEFQFOEFOUMZ "MH� � TBUJTFT {(ϵm ,δm)}m∈[M ]�
IFUFSPHFOFPVT %1 JO GFEFSBUFE MFBSOJOH TF॒JOH�

.PSFPWFS BDDPSEJOH UP UIF QBSBMMFM DPNQPTBCJMJUZ PG %1 BT
TIPXO JO 1SPQFSUZ � BOE UIF GBDU UIBU UIF 1'" BMHPSJUIN DPOTJTUT PG
B TFSJFT PG MJOFBS PQFSBUPST PO UIF TFRVFODF PG {Mm }m∈[M ] 1'"
BMTP TBUJTFT (maxmϵm ,NBYm δm)�%1� "



"MHPSJUIN �� $PNNVOJDBUJPO�Fਖ਼DJFOU 1SPKFDUFE 'FEFS�
BUFE "WFSBHJOH XJUI )FUFSPHFOFPVT %JFSFOUJBM 1SJWBDZ
	1'"�


JOQVU �$MJFOUT QSJWBDZ QSFGFSFODFT {(ϵm, δm)}m∈[M ]  UPUBM SPVOET T
PVUQVU �HMPCBM NPEFM YT

� Y0 ← 	*OJUJBMJ[F SBOEPNMZ

� GPS t ′ = 0 UP ( T−1τ * EP
� tc ← t ′τ
� Stc ← 	SBOEPN TVCTFU PG K DMJFOUT

� S(pub)

tc , S(pr i)
tc ←	1BSUJUJPO Stc JOUP UXP HSPVQT BDDPSEJOH UP DMJFOUT QSJWBDZ

SFRVJSFNFOUT

� GPSFBDI DMJFOU Cm ∈ Stc EP JO QBSBMMFM
� ∆Ỹmt ← -PDBM%14(%(Ytc )
� JG XBSNVQ SPVOE PS ڧQVCMJDڦ DMJFOU UIFO

�� (WNN FKOGPUKQPCN PQKU[ OQFGN WRFCVGU
� SFUVSO ∆Ỹmt

�� FMTF
�� 2TQLGEVGF PQKU[ OQFGN WRFCVGU

�� ∆Ŷmtc ← 7k [t ′ − 1]+∆Ỹmtc
�� SFUVSO ∆Ŷmtc

�� ∆Ȳtc , 7k [t ′]←
1SPKFDUFE'FE"WH1SP({∆Ymtc }m∈[K ], S(pub)

tc , S(pr i)
tc , 7k [t ′ − 1])

�� Ytc+τ ← Ytc −∆Ȳtc
�� SFUVSO YT

3FNBSL �� 8F FNQIBTJ[F UIBU JO UIJT QBQFS XF EP OPU GP�
DVT PO UIF UBTL PG %1 BOBMZTJT� य़VT XF GPMMPX UIF XJEFMZ BD�
DFQUFE %14(% BMHPSJUIN BOE NPNFOUT BDDPVOUBOU XIJDI FO�
BCMF B EJSFDU DPNQBSJTPO XJUI UIF FYJTUJOH XPSLT VUJMJ[JOH UIF
TBNF UFDIOJRVFT<��>� 6TJOH NPSF BEWBODFE %1 BOBMZTJT GPS B
UJHIUFS QSJWBDZ BNQMJDBUJPO SFTVMU<��> BT XFMM BT UJHIUFS QSJWBDZ
DPNQPTJUJPO<�> JT BMTP SFDPNNFOEFE�

$POWFSHFODF "OBMZTJT� य़F DPOWFSHFODF BOBMZTJT PG 1'" JT QSF�
TFOUFE JO य़FPSFN �� य़F QSPPG JT JO "QQFOEJY "�

5८५ॵॸ५ॳ �� 6OEFS "TTVNQUJPOT ��� GPS OPO�DPOWFY L�-JQTDIJU[
TNPPUI PCKFDUJWF GVODUJPO UIF DPOWFSHFODF SFTVMU PG 1'" JT

1

T

T−1∑
t=0

E
[
‖7̃tc 7̃+tc∇L(Ȳt )‖22

]
≤

2

ηT
(L(Ȳ0) − L∗) +

η2L2(τ + 1)(K + 2)

K
(
κ2

B
+ σ̄) +

Lηκ2

KB
,

	�


XIJDI JT VOEFS UIF DIPJDF PG η TUBUJTटFT

− η
2
+

λη3L2[2C1 + τ (τ + 1)](K + 2)

2K
+

λη2L[C1 + K ]

K2
≤ 0. 	�


3FNBSL �� य़FPSFN � TIPXT UIBU UIF DPOWFSHFODF PG 1'" JO
UFSNT PG UIF QSPKFDUFE HSBEJFOU OPSN IBT UIF TBNF DPOWFSHFODF
SBUF BT UIF OPO�QSJWBUF 'FE"WH VOEFS UIF TBNF TFU PG BTTVNQUJPOT�
य़VT PVS BMHPSJUIN JT BCMF UP EFMJWFS UIF EFTJSFE IFUFSPHFOFPVT EJG�
GFSFOUJBM QSJWBDZ XJUIPVU BFDUJOH UIF PWFSBMM DPOWFSHFODF TQFFE�

��� 1'"�� " $PNNVOJDBUJPO�F॓DJFOU 7BSJBOU
"T XF IBWF NFOUJPOFE CFGPSF DPNNVOJDBUJPO PWFSIFBE JT B QSJ�
NBSZ CP॒MFOFDL GPS GFEFSBUFE MFBSOJOH� 1'" IBT OPU NBEF BOZ
QSPHSFTT JO UIJT DIBMMFOHF TJODF UIF TJ[F PG NPEFM VQEBUFT DPNNV�
OJDBUFE CFUXFFO DMJFOUT BOE TFSWFS IBT OPU DIBOHFE� *O UIJT TFDUJPO
XF JOUSPEVDF BO JNQSPWFE WBSJBOU OBNFE 1'"�XIJDI SFEVDFT UIF
TJ[F PG UIF DPNNVOJDBUFE MPDBM NPEFM VQEBUFT JO PSEFS UP HSFBUMZ
SFEVDF UIF VQMJOL DPNNVOJDBUJPO DPTU� $POTJEFSJOH UIF BTZNNF�
USZ PG UIF VQMJOL BOE EPXOMJOL CBOEXJEUI PO UIF DMJFOUT TJEF JU

"MHPSJUIN ��"TZODISPOPVT 1SPKFDUJPO 'FEFSBUFE "WFSBH�
JOH
JOQVU �OPJTZ NPEFM VQEBUFT {∆Ym }Cm ∈S  ۠QVCMJDۡ DMJFOUT S(pub)  ۠QSJWBUFۡ

DMJFOUT S(pr i)

PVUQVU � UIF BHHSFHBUFE NPEFM VQEBUFT ∆Ȳ
� 'VODUJPO 2TQLGEVGF(GF#XI2TQ
{∆Ym }Cm ∈S  S(pub)  S(pr i)  7(pre)

k ��
�� 4GEQPUVTWEV VJG RTQLGEVGF RTKXCE[ WRFCVGU WUKPI VJG RTGXKQWU

RTQLGEVKQP OCVTKZ

� ∆Ȳ(pr i) ← ∑
m∈S(pr i) WS(pr i) (ϵm) ·∆Ym

� ∆Ŷ(pr i) ← 7(pre)
k ∆Ȳ(pr i)

� S ← S(pub) + S(pr i)

� ∆Ȳ←
∑
m∈S(pub) ϵm∑

m∈S ϵm
·∆Ȳ(pub) +

∑
m∈S(pr i) ϵm∑

m∈S ϵm
·∆Ŷ(pr i)

�� %QORWVG VJG EWTTGPV RTQLGEVKQP OCVTKZ

� ∆Ȳ(pub) ← ∑
m∈S(pub) WS(pub) (ϵm) ·∆Ym

� Σ← ∆Ȳ(pub) · (∆Ȳ(pub))+
� 7k ← 	$PNQVUF UIF UPQ�k FJHFOWFDUPST PG Σ

� SFUVSO ∆Ȳ, 7k

JT FTQFDJBMMZ JNQPSUBOU UP SFEVDF UIF VQMJOL CBOEXJEUI GPS B NPSF
TJHOJDBOU QSBDUJDBM JNQBDU JO UFSNT PG UPUBM SVOUJNF� *O TFDUJPO �
PVS FNQJSJDBM TUVEJFT TVHHFTU UIBU DPNQBSFE XJUI PUIFS CBTFMJOFT
1'"� IBT PFSFE B TJHOJDBOU ��� SFEVDUJPO GPS ۠QSJWBUFۡ DMJFOUT
JO UFSNT PG UIF NFHBCZUFT UIBU DPNNVOJDBUFE GSPN DMJFOUT UP UIF
TFSWFS XIJMF UIF UFTU BDDVSBDZ SFNBJOT UIF TBNF MFWFM BT 1'"�

य़F NBJO JEFB PG 1'"� JT UP DPNNVOJDBUF UIF EJNFOTJPO�
SFEVDFE NPEFM VQEBUFT J�F� QSPKFDUFE VQEBUFT PO UIF TVCTQBDF
GSPN DMJFOUT UP UIF TFSWFS� .PSF TQFDJDBMMZ VQPO UIF 1'"T BSDIJ�
UFDUVSF JO "MH� � 1'"� NBLFT UIF GPMMPXJOH BMHPSJUINJD DIBOHFT
PO UIF DMJFOUT TJEF BOE TFSWFS TJEF SFTQFDUJWFMZ�

	�
 -PDBM VQEBUF XJUI QSPKFDUJPO� 0O UIF DMJFOUT TJEF JOTUFBE PG VQ�
MPBEJOH UIF NPEFM VQEBUFT ∆Ymtc  FBDI ۠QSJWBUFۡ DMJFOU Cm ∈
S(pr i)
tc STU QSPKFDUT UIF DPNQVUFE NPEFM VQEBUFT POUP UIF UPQ�

k TVCTQBDF 	PCUBJOFE GSPN UIF TFSWFS CBTFE PO UIF ۠QVCMJDۡ
DMJFOUT VQEBUF GSPN QSFWJPVT SPVOE
 UIFO VQMPBE UIF QSPKFDUFE
VQEBUFT 7k ∈ Rp×k UP UIF TFSWFS� "T GPS UIF ۠QVCMJDۡ DMJFOUT
UIFZ TUJMM VQMPBE UIF GVMM�EJNFOTJPOBM NPEFM VQEBUFT� 	-JOF ����
JO "MH� �
�

	�
 1SPKFDUFE GFEFSBUFE BWFSBHJOH XJUI EFMBZFE TVCTQBDF� 0O UIF
TFSWFS TJEF TJNJMBSMZ XJUI 1'" BMM GVMM�EJNFOTJPOBM ۠QVCMJDۡ VQ�
EBUFT BSF VTFE UP DBMDVMBUF UPQ�k TVCTQBDF BT TIPXO JO "MH� ��
*OTUFBE PG QSPKFDUJOH UIF ۠QSJWBUFۡ VQEBUFT POUP UIF DBMDVMBUFE
TVCTQBDF UIF TFSWFS SFDPOTUSVDUT UIF QSPKFDUFE ۠QSJWBUFۡ VQ�
EBUFT CBDL UP UIF PSJHJOBM TIBQFT WJB UIF TBNF QSPKFDUJPO NB�
USJDFT GSPN QSFWJPVT SPVOE UIFO NFSHFT UIFN XJUI UIF QVCMJD
VQEBUFT WJB BWFSBHF�

8F OPUF UIF TMJHIU EJTDSFQBODZ PS BTZODISPOJ[BUJPO� UIF TVC�
TQBDF DPNQVUFE GSPN UIF QVCMJD VQEBUFT JO UIF QSFWJPVT SPVOE
JT VTFE UP QSPKFDU UIF ۠QSJWBUFۡ VQEBUFT JO UIF DVSSFOU SPVOE
BOE UIF DVSSFOU TVCTQBDF JT VTFE GPS UIF OFYU SPVOE� *O PVS
BMHPSJUIN XF BQQMZ UIF QSPKFDUFE GFEFSBUFE BWFSBHJOH JO B EF�
MBZFE NBOOFS DPOTJEFSJOH UIBU UIF UPQ TJOHVMBS TQBDF VTVBMMZ
FWPMWFT TMPXMZ CFUXFFO UXP DPOTFDVUJWF SPVOET� 'PS UIF STU
SPVOE XIJDI XF DBMM JU UIF XBSNVQ SPVOE XF GPMMPX UIF TBNF
QSPDFEVSF BT JO 1'" J�F� BMM DMJFOUT VQMPBE UIF PSJHJOBM NPEFM
VQEBUFT BOE UIF TFSWFS BHHSFHBUFT UIFN UP DPNQVUF UIF STU
UPQ�k TVCTQBDF�य़JT STU TVCTQBDF XJMM CF BQQMJFE JO UIF TFDPOE



SPVOE� 0VS FYQFSJNFOUBM TUVEJFT WFSJFE UIBU UIJT TNBMM BTZO�
DISPOJ[BUJPO PG UIF QSPKFDUJPO TVCTQBDF IBT NJOJNBM JNQBDU PO
UIF OBM NPEFM VUJMJUZ XIJMF BMMPXJOH TJHOJDBOU DPNNVOJDB�
UJPO SFEVDUJPO� "MH� � TIPXT UIF DPNQMFUF EFUBJMT�

1SJWBDZ"OBMZTJT�य़FPSFN � HJWFT UIF IFUFSPHFOFPVT %1 HVBSBO�
UFF PG 1'"�� 4JODF UIF %1 SBOEPNJ[FST PG 1'"� SFNBJOT FTTFOUJBMMZ
VODIBOHFE DPNQBSFE XJUI 1'" UIVT UIF QSPPG JT TJNJMBS XJUI य़F�
PSFN � BOE XF PNJU JU IFSF GPS CSFWJUZ�

5८५ॵॸ५ॳ � 	)५ॺ५ॸॵ७५ॴ५ॵॻॹ 1ॸ९ॼ१३ॿ (ॻ१ॸ१ॴॺ५५ ॵ६ 1'"�
�
Fࡋ 1'"� JO "MH� � TBUJTटFT {(ϵm ,δm)}m∈[M ]�'-�)%1 BOE
(maxmϵm ,NBYm δm)�%1�

$PNQVUBUJPO $PTU "OBMZTJT� य़FPSFN � HJWFT UIF DPNQVUBUJPO
DPTU QFS SPVOE PG USBJOJOH GPS DBMDVMBUJOH UIF TVCTQBDFT BOE QSP�
KFDUJPOT PO UIF TFSWFS BOE DMJFOUT TJEF� /PUF UIBU UIF BOBMZTJT GPS
1'" JT UIF TBNF FYDFQU UIBU CPUI TVCTQBDFT BOE QSPKFDUJPOT BSF
DPNQVUFE PO UIF TFSWFS TJEF� य़F QSPPG JT JO "QQFOEJY %���

5८५ॵॸ५ॳ �� -FU p EFOPUF UIF EJNFOTJPO PG UIF QBSBNFUFS TQBDF
BOE m CF UIF OVNCFS PG ڧQVCMJDڦ DMJFOUT QBSUJDJQBUJOH JO B USBJOJOH
SPVOE UIF UPUBM DPNQMFYJUZ PG DPNQVUJOH UIF UPQ�k TVCTQBDFT GPS DFO�
USBM TFSWFS JT O(kmp) BOE UIF DPNQMFYJUZ PG DPNQVUJOH UIF QSPKFD�
UJPOT GPS FBDI DMJFOU JT O(k)�

$PNNVOJDBUJPO $PTU "OBMZTJT� 8F DPOTJEFS UIF VQMJOL CBOE�
XJEUI BT UIF UPUBM OVNCFS PG VQMPBEFE CJUT JO UIF DPVSTF PG UIF
USBJOJOH QSPDFTT� 8JUIPVU MPTT PG HFOFSBMJUZ XF BTTVNF UIF NB�
DIJOF MFBSOJOH NPEFM XJUI UPUBM OVNCFS PG QBSBNFUFST p JT pF CJUT
XIFSF F JT UZQJDBMMZ �� CJUT� 'PS 1'"� UIF PSJHJOBM QBSBNFUFST JO
B HJWFO MBZFS PG UIF NPEFM XJMM CF DPNQSFTTFE UP B k�EJNFOTJPOBM
	k 0 p
 WFDUPS� 'PS BOZ NPEFM F�H� B ��MBZFS MPHJTUJD SFHSFTTJPO
NPEFM FBDI ۠QSJWBUFۡ DMJFOU POMZ SFRVJSFT VQMJOL CBOEXJEUI XJUI
2kF CJUT JO FBDI SPVOE� *G k = 1 UIJT WBMVF XJMM CF BHHSFTTJWFMZ
SFEVDFE UP NFSFMZ 2F CJUT� 'PS DPNQMFY EFFQ MFBSOJOH NPEFMT XJUI
IVOESFET BOE UIPVTBOET PG QBSBNFUFST 1'"� XPVME PFS B DPO�
TJEFSBCMF DPNNVOJDBUJPO SFEVDUJPO�

� &7"-6"5*0/
*O UIJT TFDUJPO XF QFSGPSN B DPNQSFIFOTJWF FWBMVBUJPO XJUI B TF�
SJFT PG FYQFSJNFOUT UP EFNPOTUSBUF UIBU8FJ"WH 1'" BOE 1'"� DBO
B॒BJO B IJHIFS UFTU BDDVSBDZ DPNQBSFE UP UIF DPNNPO GFEFSBUFE
BWFSBHJOH BMHPSJUINTXIJDI EP OPU UBLF UIF IFUFSPHFOFPVT QSJWBDZ
QSFGFSFODFT JOUP BDDPVOU BOE BSF TJHOJDBOUMZ CF॒FS UIBO .JOJ�
NVN CBTFMJOF XIJDI BDIJFWFT UIF NPTU TUSJDU MFWFM PG QSJWBDZ�

��� &YQFSJNFOU 4FUVQ
%BUBTFUT BOE .PEFMT� 8F FWBMVBUF PVS NFUIPET PO UXP PQFO
CFODINBSL EBUBTFUT� ./*45<��> 'BTIJPO�./*45 	G./*45
 <��>
$*'"3�� <��> BOE *.%CNPWJF SFWJFX <��>�.PSF EFUBJMT PG EBUBTFUT
BOE UIF NPEFMT XF VTFE BSF QSFTFOUFE JO 5BCMF � JO "QQFOEJY #�
#BTFMJOFT BOE .FUIPET� 8F DPNQBSF UIF UISFF BMHPSJUINT XF
QSPQPTFE XJUI GPVS CBTFMJOFT BT GPMMPXT�
• 8FJ"WH� XFJHIUFE BWFSBHF BMHPSJUIN JO "MHPSJUIN ��
• 1'"� 1'" NFUIPE JO "MHPSJUIN ��
• 1'"�� DPNNVOJDBUJPO�Fਖ਼DJFOU WBSJBOU PG 1'" JO "MHPSJUIN ��

5BCMF �� %JTUSJCVUJPO PG QSJWBDZ QSFGFSFODFT

%JTUSJCVUJPO 1BSBNFUFST 4F॒JOH
6OJGPSN 6OJGPSN EJTUSJCVUJPOU (1.0, 10.0)

(BVTT (BVTTJBO EJTUSJCVUJPO N(3.0, 1.0)

1BSFUP 1BSFUP EJTUSJCVUJPO
.JY(BVTT� .JYUVSF PG N1(0.1, 0.01) BOE N2(10.0, 0.1) XJUI

NJYUVSF XFJHIUT ��� BOE ���
.JY(BVTT� .JYUVSF PG N1(0.5, 0.01) BOE N2(10.0, 0.1) XJUI

NJYUVSF XFJHIUT ��� BOE ���
.JY(BVTT� .JYUVSF PG N1(1.0, 0.1) BOE N2(10.0, 0.1) XJUI

NJYUVSF XFJHIUT ��� BOE ���
.JY(BVTT� .JYUVSF PG N1(0.1, 0.01) N2(1.0, 0.1) BOE

N3(10.0, 1.0) XJUI NJYUVSF XFJHIUT ��� ��� BOE ���

• 'FE"WH� UIF 'FE"WH <��> BMHPSJUIN XJUI IFUFSPHFOFPVT %1�
• .JOJNVN� UIF 'FE"WH XJUI VOJGPSN (NJOm ϵm ,NJOm δm)�%1�
• .BYJNVN� UIF 'FE"WH XJUI VOJGPSN (NBYm ϵm ,NBYm δm)�

%1 ��
• /1�'FE"WH� UIF OPO�QSJWBUF 'FE"WH BMHPSJUIN�

1SJWBDZ QSFGFSFODFT� 'PS FYQMJDJUMZ TJNVMBUJOH UIF QPUFOUJBM EJT�
USJCVUJPO PG DMJFOUT QSJWBDZ QSFGFSFODFT BOE DPNQBSF UIF NFUIPET
XJUI UIPTF EJFSFOU TF॒JOHT XF DPOTJEFS � EJFSFOU UZQFT PG SBO�
EPN EJTUSJCVUJPOT BT TIPXO JO 5BC� � J�F� 6OJGPSN 1BSFUP (BVTT�
JBO BOE NVMUJNPEBM EJTUSJCVUJPO 	B NJYUVSF PG UXP PS UISFF EJFS�
FOU (BVTTJBO EJTUSJCVUJPOT
� 'JH� � JO "QQFOEJY # HJWFT FYBNQMFT
PG DMJFOUT QSJWBDZ QSFGFSFODFT GPS M CFJOH �� �� �� BOE �� SF�
TQFDUJWFMZ� 'PS FYBNQMF DPOTJEFSJOH B TDFOBSJP XIFSF UIF QSJWBDZ
QSFGFSFODFT PG �� DMJFOUT BSF ESBXO GSPN B .JY(BVTT� EJTUSJCVUJPO
UIFSF XPVME FYJTU BCPVU � ۠QVCMJDۡ DMJFOUT XJUI QSJWBDZ CVEHFUT
BSPVOE ���� BOE UIF PUIFST XJUI QSJWBDZ CVEHFUT BSPVOE ��� XPVME
CF USFBUFE BT ۠QSJWBUFۡ DMJFOUT�

*NQMFNFOUBUJPOT� 8F SVO FYQFSJNFOUT PO B NBDIJOF XJUI BO *O�
UFM $PSF J������, BOE POF /7*%*" (F'PSDF (59 ���� 5J SVOOJOH
6CVOUVXJUI ��(#NFNPSZ� 5P TJNVMBUF UIF DSPTT�TJMP '- TF॒JOH JO
UIF DBTFT PG **% BOE OPO�**% EBUB EJTUSJCVUJPO BDSPTT UIF DMJFOUT SF�
TQFDUJWFMZ XF GPMMPX UIF QBSUJUJPOJOH TUSBUFHJFT JO <��>� 'PS FYBN�
QMF UIF USBJOJOH FYBNQMFT PG ./*45�G./*45 BSF QBSUJUJPOFE JOUP
M = 20, 30, 40 BOE 50 TVCTFUT FBDI DMJFOU IPMET UIF TBNF TJ[F
PG 1200 USBJOJOH FYBNQMFT� 'PS **% DBTF FBDI DMJFOUT MPDBM EBUBTFU
DPOTJTUT PG FYBNQMFT GSPN BMM DMBTTFT� GPS OPO�**% DBTF FBDI DMJFOU
IBT BO JNCBMBODFE EBUBTFU XJUI OPO�VOJGPSN EJTUSJCVUJPO PG DMBTT
MBCFMT� 5BCMF � BOE � JO "QQFOEJY # TIPX UIF FYBNQMFT PG **% BOE
OPO�**% QBSUJUJPO PG ./*45 GPS M = 20 SFTQFDUJWFMZ�

8F TFRVFOUJBMMZ SVO UIF MPDBM USBJOJOH QSPDFEVSFT UIVT XF EP
OPU FYQMPSF IZQFS�QBSBNFUFST BT UIPSPVHIMZ TJODF UIFTF FYQFSJ�
NFOUT SFRVJSF TJHOJDBOU DPNQVUBUJPOBM SFTPVSDFT� "MM PG PVS FY�
QFSJNFOUT FYQMPSF B WBSJFUZ PG DPOTUBOU MFBSOJOH SBUFT 	F�H� <���
���� ���� ����� ����� �����>
 BOE B WBSJFUZ PG QSPKFDUJPO EJNFO�
TJPOT k 	F�H� <� � � �� �� ��� ���>
 GPS UIF CFTU SFTVMUT� 6OMFTT
PUIFSXJTF TUBUFE XF Y UIF SBOEPN DMJFOU TBNQMJOH SBUJP K

M = 0.8
QFS SPVOE BOE VQ UPT = 100 DPNNVOJDBUJPO SPVOET JO UIF DPVSTF
PG UIF MFBSOJOH QSPDFTT� 'PS MPDBM VQEBUF QSPDFEVSFT XF VTVBMMZ TFU
UIF OVNCFS PG MPDBM JUFSBUJPOT τ = 100 BOE UIF SBOEPN CBUDI TJ[F
B = 8� 4JODF UIF NPEFM USBJOJOH JT B SBOEPNJ[FE QSPDFEVSF XF
SFQFBU BMM UIF FYQFSJNFOUT � UJNFT BOE SFQPSU UIF NFBO BDDVSBDZ�

�8F JOUSPEVDF UIJT BEEJUJPOBM CBTFMJOF BT BO ۠VQQFS CPVOEۡ PG UIF QFSGPSNBODF DPOTJE�
FSJOH UIF FYUSFNF DBTF XIFSF BMM DMJFOUT VTFT UIF JEFOUJDBM NBYJNVN QSJWBDZ CVEHFU�
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	D
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'JHVSF �� 5FTU BDDVSBDZ WFSTVT DPNNVOJDBUJPO SPVOET FWBMVBUFE PO ./*45 BOE 'BTIJPO�./*45 	G./*45
 JO **% EBUB TFUUJOH
XJUI QSJWBDZ QSFGFSFODFT EJTUSJCVUJPO PG .JY(BVTT��

'PS UIF FWBMVBUJPO NFUSJDT XF VTF UFTU BDDVSBDZ PO UIF UFTU FY�
BNQMFT UP NFBTVSF UIF NPEFM VUJMJUZ BOE UIF OVNCFS PG USBOTGFSSFE
NFHBCZUFT CFUXFFO DMJFOUT BOE TFSWFS BMPOH UIF USBJOJOH QSPDFTT
UP DPNQBSF UIF VQMJOL CBOEXJEUI DPTU�

��� &WBMVBUJPO 3FTVMUT PO **% %BUB
����� 5IF &८FDU PG 1SJWBDZ 4QFDJGJDBUJPO� *O UIJT TFDUJPO XF GPDVT
PO UXP DBOEJEBUF QSJWBDZ QSFGFSFODF TF॒JOHT 	J�F� .JY(BVTT� BOE

.JY(BVTT�
 CPUI PG XIJDI IBWF UIF TBNF MFWFM PG NBYJNBM QSJWBDZ
QSFGFSFODF ���� XIJMF UIF NJOJNBM QSJWBDZ QSFGFSFODFT BSF BSPVOE
��� BOE ��� SFTQFDUJWFMZ� *O 'JH� � XF TIPX UIF FYQFSJNFOUBM SFTVMUT
FWBMVBUFE PO ./*45 BOE G./*45 JO **% TF॒JOH XJUI UIF EJTUSJCV�
UJPO PG .JY(BVTT� XIJMF SFMFHBUJOH UIF SFTVMUT PG PUIFS TF॒JOHT UP
"QQFOEJY # EVF UP TQBDF MJNJUBUJPO� *O 'JH� � XF GVSUIFS QSFTFOU
UIF SFTVMUT XJUI PUIFS EJTUSJCVUJPOT PG QSJWBDZ CVEHFU BT MJTUFE JO
5BCMF � XIJDI DPNQBSF BMM BMHPSJUINT VOEFS B XJEFS TFMFDUJPO PG



'JHVSF �� &ॐFDU PG QSJWBDZ TQFDJ॑DBUJPO� UFTU BDDVSBDZ PO UIF
./*45�$// FYQFSJNFOUT JO **% EBUB TFUUJOH�

QSJWBDZ TQFDJDBUJPOT UIBU NBOJGFTU WBSJPVT TDB॒FSJOH EFHSFF PG
UIF QSJWBDZ CVEHFUT CFUXFFO ۠QVCMJDۡ BOE ۠QSJWBUFۡ DMJFOUT�

'SPN 'JH� � DPNQBSFE XJUI 8FJ"WH CPUI 1'" BOE 1'"� BU�
UBJO NPSF EJTUJODU VUJMJUZ BEWBOUBHFT PWFS UIF 'FE"WH XJUI )%1
BMHPSJUIN BOE UIF .JOJNBM NFDIBOJTN GPS CPUI MPHJTUJD SFHSFTTJPO
BOE $// NPEFM� "MUIPVHI BMM QSJWBUF BMHPSJUINT IBWF XPSTF BDDV�
SBDZ UIBO OPO�QSJWBUF CBTFMJOFT B SFBTPOBCMF MFWFM PG NPEFM VUJMJUZ
SFNBJOT GPS QSPKFDUJPO�CBTFE NFUIPET XIJMF 'FE"WH XJUI %1 CF�
DPNFT JOFFDUJWF BOE VOVTBCMF F�H� UIF UFTU BDDVSBDZ PG 'FE"WH
VDUVBUFT BSPVOE ��� JO 'JH� �	D
� "T GPS UIF DPNQBSJTPO CFUXFFO
1'"� BOE 1'" XF DBO PCTFSWF GSPN BMM QMPUT UIBU 1'"� B॒BJOT B
NPEFM QFSGPSNBODF WFSZ DMPTF UP 1'" XIJMF BDIJFWJOH TJHOJDBOU
DPNNVOJDBUJPO SFEVDUJPO� य़JT FWBMVBUJPO SFTVMUT XJMM CF GVSUIFS
EJTDVTTFE JO 4FDUJPO ������ 'JH� �� JO "QQFOEJY # HJWFT UIF BOBMP�
HPVT FYQFSJNFOUT XJUI EJTUSJCVUJPO PG .JY(BVTT�� य़F NBJO EJG�
GFSFODF JT UIF VUJMJUZ HBQ CFUXFFO 'FE"WH�.JOJNVN BOE PVS QSP�
QPTFE NFUIPET TJHOJDBOUMZ TISJOLT� *U NBLFT TFOTF TJODF HSFBUFS
QSJWBDZ CVEHFUT MFBE UP XFBLFS QFSUVSCBUJPO SFTVMUJOH JO QFSGPS�
NBODF JNQSPWFNFOU PG CBTFMJOF NFUIPET�

"T B DPNQBSJTPO 'JH� � GVSUIFS QMPUT UIF JNQBDU PG PUIFS EJTUSJ�
CVUJPOT MJTUFE JO 5BCMF �� 8F POMZ QSFTFOU UIF FYQFSJNFOU SFTVMUT
PO ./*45�$//�**% XJUI M = 30 JO UIF QBQFS XIJMF EFGFSSJOH
PUIFS DBTFT UIBU TIPX B TJNJMBS USFOE EVF UP TQBDF MJNJUBUJPO� #Z EF�
GBVMU BMM UFTU BDDVSBDZ WBMVFT BSF BWFSBHFE PWFS UIF MBTU �� SPVOET
CFGPSF UIF SPVOE MJNJU JT SFBDIFE� 8F DBO PCTFSWF B NPSF DMFBS
USFOE UIBU XJUI JODSFBTJOH UIF TDB॒FSJOH EFHSFF PG UIF QSJWBDZ CVE�
HFUT CFUXFFO ۠QVCMJDۡ BOE ۠QSJWBUFۡ DMJFOUT 1'" BOE 1'"� BMXBZT
PVUQFSGPSN UIF 'FE"WH XJUI )%1 BOE .JOJNVN NFDIBOJTN BOE
NBJOUBJO SFBTPOBCMF UFTU BDDVSBDZ� 'PS 8FJ"WH BOE 'FE"WH XJUI
)%1 NFUIPET CPUI PG UIFN BSF WVMOFSBCMF UP UIF TDB॒FSJOH EF�
HSFF BOE UIF NJOJNBM WBMVF PG DMJFOUT QSJWBDZ QSFGFSFODFT� 8IFO
UIF QSJWBDZ CVEHFUT GPMMPX UIF 6OJGPSN PS UIF (BVTTJBO EJTUSJCV�
UJPO UIFZ DPVME SFBDI B NPEFM VUJMJUZ UIBU JT QSF॒Z TJNJMBS UP PVS
QSPKFDUJPO�CBTFE NFUIPET�

"T GPS UIF FWBMVBUJPOT PO NPSF DPNQMFY EBUBTFUT $*'"3�� BOE
*.%# GSPN 'JHVSF � XF DBO BMTP PCTFSWF 1'" BOE 1'"� PVUQFS�
GPSNT XFJHIUFE BWFSBHJOH TMJHIUMZ BOE BMM UISFF PG UIFN HFU TJHOJG�
JDBOUMZ CF॒FS QFSGPSNBODF DPNQBSFE XJUI UIF CBTJD 'FE"WH�

����� 5IF &८FDU PG 1SPKFDUJPO .FUIPET� *O UIJT TVCTFDUJPO JO PSEFS
UP WFSJGZ UIBU UIF MPX�SBOL TVCTQBDF FYUSBDUFE GSPN ۠QVCMJDۡ VQ�
EBUFT JOEFFE DPOUBJOT JOEJDBUJWF JOGPSNBUJPO XF DPNQBSF JU XJUI
SBOEPN MPX�SBOL QSPKFDUJPO NFUIPET 	F�H� WJB UIF (BVTTJBO USBOT�
GPSN
 JO UFSNT PG NPEFM BDDVSBDZ XJUI B WBSJFUZ PG QSPKFDUJPO EJ�
NFOTJPOT BOE YFE MPDBM VQEBUF JUFSBUJPOT� य़FO XF TIPX UIF

	B
 $*'"3�� 	C
 *.%C

'JHVSF �� 5FTU BDDVSBDZ WFSTVT DPNNVOJDBUJPO SPVOET FWBM�
VBUFE PO $*'"3�� BOE *.%C JO **% EBUB TFUUJOH GPS M = 50�

	B
 &FDU PG QSPKFDUJPO EJNFOTJPOT 	C
 &FDU PG QSPKFDUJPO NFUIPET

'JHVSF �� &ॐFDU PG QSPKFDUJPO EJNFOTJPOT BOE QSPKFDUJPO
NFUIPET� UFTU BDDVSBDZ WFSTVT DPNNVOJDBUJPO SPVOET PO UIF
./*45�-PH3 FYQFSJNFOUT JO **% EBUB TFUUJOH XIFO M = 30�

VOJRVF TVQFSJPSJUZ PG 1'"� JO SFEVDJOH UIF DPNNVOJDBUJPO DPTU
DPNQBSFE XJUI UIF PUIFS CBTFMJOFT�
3BOEPN QSPKFDUJPO WFSTVT ۀQVCMJDڿ VQEBUFT�FYUSBDUFE QSP�
KFDUJPO� 'JH� � TIPXT UIF JNQBDU PG QSPKFDUJPO EJNFOTJPOT GPS UIF
SBOEPN QSPKFDUJPO BOE UIF ۠QVCMJDۡ VQEBUFT�FYUSBDUFE QSPKFDUJPO
SFTQFDUJWFMZ PO UIF ./*45�-PH3�.JY(BVTT� FYQFSJNFOUT JO **%
EBUB TF॒JOH� *O 'JH� �	B
 XF DBO TFF 1'"� SFBDIFT UIF PQUJNBM UFTU
BDDVSBDZ 	BSPVOE ���
 XIFO UIF QSPKFDUJPO EJNFOTJPO k = 1 BOE
UIF QFSGPSNBODF JT RVJUF DMPTF UP UIF DBTF XIFO k = 2� )PXFWFS BT
UIF EJNFOTJPO JODSFBTFT JU MFBET UP B HSFBUFS WBSJBODF BOE QPPSFS
UFTU BDDVSBDZ� य़JT JT B JOEJDBUPS PG UIF GBDU UIBU NPTU TUPDIBTUJD
HSBEJFOUT JO HFOFSBM TUBZ JO B MPX�EJNFOTJPOBM TVCTQBDF�

*O DPOUSBTU UIF SBOEPN QSPKFDUJPO NFUIPE IBT UIF XPSTU QFSGPS�
NBODF XIFO k JT GBS MFTT UIBO UIF PSJHJOBM EJNFOTJPO p� .PSFPWFS
XIFO UIF ۠QSJWBUFۡ DMJFOUT IBWF TUSJDU QSJWBDZ QSFGFSFODFT FJUIFS B
MBSHF EJNFOTJPO PS B TNBMM EJNFOTJPO DBOOPU SFBDI BO BDDFQUBCMF
NPEFM VUJMJUZ BT TIPXO JO 'JH� �	C
� य़FTF TUSPOH FYQFSJNFOUBM SF�
TVMUT VOEFSTDPSF UIF FFDUJWFOFTT PG UIF QBSBMMFM QSPKFDUJPONFUIPE
BQQMJFE JO PVS QSPQPTFE GSBNFXPSLT�
$PNNVOJDBUJPO�SFEVDUJPO FॐFDUT PG 1'"�� 'JH� � QMPUT UIF
DPNNVOJDBUJPO�SFEVDUJPO FFDUT PG 1'"� JO UFSNT PG UIF BDDVNV�
MBUFE OVNCFS PG NFHBCZUFT UIBU DPNNVOJDBUFE GSPN DMJFOUT UP UIF
TFSWFS EVSJOH UIF '- QFSJPE XIFO UIFSF BSF 5 ۠QVCMJDۡ DMJFOUT BOE
45 ۠QSJWBUFۡ DMJFOUT QBSUJDJQBUJOH JO UIF USBJOJOH QSPDFTT�

'PS B MPHJTUJD SFHSFTTJPO NPEFM XJUI � MBZFST 	B GVMMZ DPOOFDUFE
MBZFS BOE B TPॏNBY MBZFS
 BOE QSPKFDUJPO EJNFOTJPO k = 1 1'"�
POMZ SFRVJSFT 2F CJUT 	F = 32
 GPS FBDI ۠QSJWBUFۡ DMJFOU BU FBDI



'JHVSF �� &ॐFDU PG DPNNVOJDBUJPO SFEVDUJPO� OVNCFS PG
NFHBCZUFT PO ./*45 JO **% EBUB TFUUJOH XIFO M = 50�

DPNNVOJDBUJPO SPVOE BOE SFRVJSFT B UPUBM OVNCFS PG ��.# VQ�
MJOL CBOEXJEUI BॏFS ��� DPNNVOJDBUJPO SPVOET XIJMF UIF PUIFS
NFUIPET OFFE BSPVOE ���.# TJODF BMM DMJFOUT OFFE UP USBOTGFS UIF
GVMM�EJNFOTJPOBM NPEFM QBSBNFUFST� 'PS B $// NPEFM XJUI B UPUBM
PG � MBZFST 	TFF TVCTFDUJPO ��� GPS EFUBJMFE NPEFM EFTDSJQUJPO
 BOE
UIF QSPKFDUJPO EJNFOTJPO k = 1 1'"� SFRVJSFT B UPUBM OVNCFS PG
��.# VQMJOL CBOEXJEUI XIJMF UIF PUIFST OFFE ���.#� 0WFSBMM GPS
CPUI MPHJTUJD SFHSFTTJPO BOE $//NPEFMT 1'"� DPVME PFS B TJHOJG�
JDBOU VQMJOL CBOEXJEUI SFEVDUJPO CZ OFBSMZ 99� EVSJOH UIF FOUJSF
USBJOJOH QSPDFTT X�S�U UIF ۠QSJWBUFۡ DMJFOUT BOE 90� X�S�U BMM DMJFOUT
XJUI B OFHMJHJCMF EFDSFBTF JO NPEFM VUJMJUZ XIJDI JOEJDBUFT UIBU UIF
DPNNVOJDBUJPO�SFEVDUJPO FFDUT PG 1'"� EFQFOE PO UIF OVNCFS
PG ۠QSJWBUFۡ DMJFOUT QBSUJDJQBUJOH JO UIF USBJOJOH QSPDFTT� /PUF UIBU
UP EFTJHO B NPSF SFBTPOBCMF ۠QSJWBUFۡ DMJFOU JEFOUJDBUJPO NFDIB�
OJTN BOE NBLF B CF॒FS USBEF�P CFUXFFO DPNNVOJDBUJPO SFEVD�
UJPO BOE NPEFM VUJMJUZ JT BMTP QBSU PG PVS GVUVSF XPSL�

$PNQVUBUJPO PWFSIFBE PG 1'"�� 5BCMF � JO "QQFOEJY # TVN�
NBSJ[FT UIF FNQJSJDBM SFTVMUT PG DPNQVUBUJPO DPTU PG 1'"� GPS CPUI
UIF TFSWFS BOE UIF DMJFOUT JO UFSNT PG UIF BWFSBHFE SVOUJNF 	T
 QFS
SPVOE PWFS UIF FOUJSF USBJOJOH QSPDFTT GPS DPNQVUJOH UIF TVCTQBDFT
BOE QSPKFDUJOH UIF ۠QSJWBUFۡ VQEBUFT SFTQFDUJWFMZ� 8F DBO TFF UIF
PWFSIFBE GPS DMJFOUT BSF SFMBUJWFMZ MPX BOE UIF DPNQMFYJUZ PG UIF
NPEFM BSDIJUFDUVSF XJMM TJHOJDBOUMZ BFDU UIF PWFSIFBE GPS DPN�
QVUJOH UIF TVCTQBDFT�

��� &WBMVBUJPO 3FTVMUT PO /PO�**% %BUB
*O 'JH� �� BOE 'JH� �� JO "QQFOEJY # XF TIPX GVMM FYQFSJNFOU SF�
TVMUT GPS CPUI ./*45 BOE G./*45 JO /PO�**% TF॒JOH XJUI QSJWBDZ
QSFGFSFODFT EJTUSJCVUJPO .JY(BVTT� BOE .JY(BVTT�� 8F TJNVMBUFE
B SFMBUJWFMZ XFBL CVU SFBTPOBCMF OPO�**% TF॒JOH XIFSF BMM USBJO�
JOH FYBNQMFT JO UIF CFODINBSL EBUBTFU BSF STU TPSUFE CZ MBCFMT
EJWJEFE JOUP 10M TIBSET PG TJ[F 1200/10 = 120 BOE BTTJHOFE UP
FBDI PGM DMJFOUT 10 TIBSET MJLF <��>� *O UIJT XBZ FBDI DMJFOU DPVME
CF BTTJHOFE UP B MPDBM EBUBTFU XJUI B WBSZJOH OVNCFS PG MBCFMT BOE
FBDI MBCFM IBT B WBSZJOH OVNCFS PG FYBNQMFT� 0OMZ B WFSZ GFX FY�
DFQUJPOT DPVME QPTTFTT USBJOJOH FYBNQMFT XJUI BMM MBCFMT� $PNQBSFE
XJUI UIF MFBSOJOH SFTVMUT PG UIF UISFF NFUIPET XF QSPQPTFE JO UIF
DBTF PG **% TF॒JOH BO PCWJPVT EFDSFBTF JO UFTU BDDVSBDZ DBO CF PC�
TFSWFE JO BMM FYQFSJNFOUT� य़F HBQT CFUXFFO UIF 'FE"WH BOE UIF
QSPKFDUJPO�CBTFE NFUIPET IBWF BMTP OBSSPXFE� /POFUIFMFTT 1'"
BOE 1'"� TUJMM PVUQFSGPSN PUIFS NFUIPET JO NPTU DBTFT�

	B
 ./*45�-PH3�/PO**%�.JY(BVTT� 	C
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'JHVSF �� 5FTU BDDVSBDZ WFSTVT DPNNVOJDBUJPO SPVOET FWBM�
VBUFE PO ./*45 JO /PO**% EBUB TFUUJOH XIFO M = 30�

� $0/$-64*0/
य़JT QBQFS GPDVTFT PO UIF IFUFSPHFOFPVT EJFSFOUJBMMZ QSJWBUF GFE�
FSBUFE MFBSOJOH QSPCMFN BOE TUVEJFT IPX UP PQUJNJ[F VUJMJUZ GPS UIF
KPJOU NPEFM VOEFS UIF IFUFSPHFOFPVT QSJWBDZ SFTUSJDUJPO BDSPTT EJG�
GFSFOU JOTUJUVUJPOT� 5PXBSET PWFSDPNJOH UXP JOIFSFOU DIBMMFOHJOH
QSPCMFNT PG GFEFSBUFE MFBSOJOH� EBUB QSJWBDZ BOE DPNNVOJDBUJPO
DPTU XF STU QSPQPTF UIF 1'" BQQSPBDI XIJDI MFBET UP B MBSHFS
OPJTF SFEVDUJPO BOE IJHIFS VUJMJUZ DPNQBSFE XJUI UIF TUBOEBSE GFE�
FSBUFE BWFSBHF BMHPSJUIN UIFO GVSUIFS QSPQPTF B DPNNVOJDBUJPO�
Fਖ਼DJFOU WBSJBOU 1'"� XIJDI PFST B TJHOJDBOU 99� DPNNVOJDB�
UJPO SFEVDUJPO GPS ۠QSJWBUFۡ DMJFOUT� य़SPVHI B DPNQSFIFOTJWF FWBM�
VBUJPO PO CPUI TUBUJTUJDBM MFBSOJOH BOE EFFQ MFBSOJOH XF EFNPO�
TUSBUF UIF FFDUJWFOFTT PG CPUI BMHPSJUINT DPNQBSFE UP UIF TUBO�
EBSE GFEFSBUFE BWFSBHF BMHPSJUIN�

य़FSF BSF TFWFSBM EJFSFOU EJSFDUJPOT UPXBSET HFOFSBMJ[JOH UIF
XPSL IFSF� 'JSTU XF QMBO UP UIFPSFUJDBMMZ EFNPOTUSBUF UIF FFD�
UJWFOFTT BOE SPCVTUOFTT PG PVS QSPQPTFE NFUIPET� 8F BMTP QMBO UP
JOUFHSBUF UIJT XPSL JOUP UIF QFSTPOBMJ[FE GFEFSBUFE MFBSOJOH UBTLT
FTQFDJBMMZ GPS OPO�**% EBUB EJTUSJCVUJPOT JO XIJDI FBDI JOTUJUVUJPO
OPU POMZ DPVME FOKPZ B DVTUPNJ[FE QSJWBDZ QSPUFDUJPO CVU BMTP HBJO
B QFSTPOBMJ[FE NBDIJOF MFBSOJOH NPEFM�

"$,/08-&%(.&/54
य़JT XPSL XBT TVQQPSUFE JO QBSU CZ UIF /4'$ HSBOUT 	��������
�������� �������� BOE ��������
 /4' HSBOUT 	$/4��������
$/4�������� BOE **4��������
 "'043 VOEFS %%%"4 QSP�
HSBN 	'"��������������
 UIF /*) HSBOUT 	3��(.������
 $54"
6-�53������ $JTDP 3FTFBSDI 6OJWFSTJUZ "XBSE 	�������
 UIF /B�
UJPOBM ,FZ 3 � % 1SPHSBN PG $IJOB 	����:'#�������
 UIF 'VOEB�
NFOUBM 3FTFBSDI 'VOET GPS UIF $FOUSBM 6OJWFSTJUJFT BOE BO &NPSZ
6OJWFSTJUZ 63$ BXBSE�
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<�> .� "CBEJ "� $IV *� (PPEGFMMPX )� #� .D.BIBO *� .JSPOPW ,� 5BMXBS BOE

-� ;IBOH� %FFQ MFBSOJOH XJUI EJFSFOUJBM QSJWBDZ� *O 1SPDFFEJOHT PG UIF ����
"$. 4*(4"$ $POGFSFODF PO $PNQVUFS BOE $PNNVOJDBUJPOT 4FDVSJUZ QBHFT ���ۗ
��� �����

<�> .� "M�4IFEJWBU +� (JMMFOXBUFS &� 9JOH BOE "� 3PTUBNJ[BEFI� 'FEFSBUFE MFBSO�
JOH WJB QPTUFSJPS BWFSBHJOH� " OFX QFSTQFDUJWF BOE QSBDUJDBM BMHPSJUINT� BS9JW
QSFQSJOU BS9JW����������� �����

<�> .� "MBHHBO 4� (BNCT BOE "� ,FSNBSSFD� )FUFSPHFOFPVT EJFSFOUJBM QSJWBDZ� +�
1SJW� $POटEFOUJBMJUZ �	�
 �����

<�> "� #FMMFU 3� (VFSSBPVJ .� 5B[JLJ BOE .� 5PNNBTJ� 1FSTPOBMJ[FE BOE QSJWBUF
QFFS�UP�QFFS NBDIJOF MFBSOJOH� *O *OUFSOBUJPOBM $POGFSFODF PO "SUJटDJBM *OUFMMJ�
HFODF BOE 4UBUJTUJDT QBHFT ���ۗ���� 1.-3 �����

<�> +� #MPDLJ "� #MVN "� %B॒B BOE 0� 4IFFU� य़F KPIOTPO�MJOEFOTUSBVTT USBOT�
GPSN JUTFMG QSFTFSWFT EJFSFOUJBM QSJWBDZ� *O ��SE "OOVBM *&&& 4ZNQPTJVN PO
'PVOEBUJPOT PG $PNQVUFS 4DJFODF '0$4 ���� /FX #SVOTXJDL /+ 64" 0DUPCFS
����� ���� QBHFT ���ۗ���� *&&& $PNQVUFS 4PDJFUZ �����

<�> ,� #POBXJU[ )� &JDIOFS 8� (SJFTLBNQ %� )VCB "� *OHFSNBO 7� *WBOPW $� ,JE�
EPO +� ,POFDOג 4� .B[[PDDIJ )� #� .D.BIBO FU BM� 5PXBSET GFEFSBUFE MFBSOJOH
BU TDBMF� 4ZTUFN EFTJHO� BS9JW QSFQSJOU BS9JW����������� �����

<�> ;� #V +� %POH 2� -POH BOE 8� +� 4V� %FFQ MFBSOJOH XJUI HBVTTJBO EJFSFOUJBM
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1SPKFDUFE 'FEFSBUFE "WFSBHJOH XJUI )FUFSPHFOFPVT %JॐFSFOUJBM 1SJWBDZ�
4VQQMFNFOUBSZ .BUFSJBM

य़JT TVQQMFNFOUBSZ NBUFSJBM DPOUBJOT� �
 4FDUJPO "� PNJ॒FE QSPPGT PG य़FPSFNT� �
 4FDUJPO #� PNJ॒FE FYQFSJNFOU EFUBJMT BOE NPSF
FYQFSJNFOU SFTVMUT� �
 4FDUJPO $� BEEJUJPOBM EFOJUJPOT UIFPSFNT BOE BMHPSJUINT� �
 4FDUJPO %� BEEJUJPOBM EJTDVTTJPOT� 'JOBMMZ PVS DPEF DBO
CF BDDFTTFE WJB IUUQT���HJUIVC�DPN�&NPSZ�"*.4�1'"�
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8F JOUSPEVDF UIF GPMMPXJOH UXP BTTVNQUJPOT XIJDI BSF BMTP BEPQUFE JO OPO�QSJWBUF GFEFSBUFE MFBSOJOH BMHPSJUIN BOBMZTJT <��>�

"�� /PUBUJPO

5BCMF �� Fࢊ TVNNBSZ PG OPUBUJPOT

/PUBUJPO %FOJUJPO
/PUBUJPOT GPS UIF UZQJDBM '- TFUVQ

T UPUBM 4(% JUFSBUJPOT GPS JO UIF DPVSTF PG '-
τ MPDBM 4(% TUFQT CFUXFFO UXP TVDDFTTJWF DPNNVOJDBUJPO SPVOET

C, M TFU PG BMM DMJFOUT XJUI TJ[F M
Stc , K TVCTFU PG DMJFOUT XJUI TJ[F K QBSUJDJQBUJOH JO UIF tc �UI JUFSBUJPO

	DPNNVOJDBUJPO SPVOE

Cm UIFm�UI DMJFOU

Dm  Nm UIF MPDBM EBUBTFU PG Cm XJUI TJ[F Nm
Bm UIF SBOEPN CBUDI TBNQMFE GSPN Cm T MPDBM EBUBTFU
Ytc UIF HMPCBM NPEFM BU UIF t �UI JUFSBUJPO
Ymt UIF MPDBM NPEFM PG Cm BU UIF t �UI JUFSBUJPO

!(Y, ·) UIF EJFSFOUJBCMF MPTT GVODUJPO
/PUBUJPOT GPS UIF QSJWBDZ QFSTPOBMJ[BUJPO

(ϵm, δm) UIF %1 QBSBNFUFST PG Cm
C(pub), C(pr i) ۠QVCMJDۡ BOE ۠QSJWBUFۡ DMJFOUT JO Cm
S(pub), S(pr i) ۠QVCMJDۡ BOE ۠QSJWBUFۡ DMJFOUT JO Sm

7k UIF UPQ�k TJOHVMBS TQBDF GPS HSBEJFOU QSPKFDUJPO

#FGPSF QSPDFFEJOH UP EFUBJMFE QSPPGT XF JOUSPEVDF TPNF OPUBUJPO TPNF PG XIJDI BMTP IBWF CFFO TVNNBSJ[FE JO 5BCMF ��
8F VTF St UP EFOPUF UIF TVCTFU PG SBOEPNMZ TFMFDUFE DMJFOUT BU UIF DPNNVOJDBUJPO SPVOE t XJUI TJ[F |St | = K � 8F VTF

Hm = ∇Lm(Y) ! ∇L(Y;Dm)

H̃m ! ∇L(Y;Bm) + Om , Bm ∈ Dm 	�


GPS 1 ≤ m ≤ M UP EFOPUF UIF GVMM HSBEJFOU PWFS UIF FOUJSF MPDBM EBUBTFU BOE UIF TUPDIBTUJD HSBEJFOU PWFS B VOJGPSNMZ TBNQMFE NJOJ�CBUDI
XIFSF Om JT UIF JOKFDUFE SBOEPN OPJTF GPS %14(% XIJDI JT ESBXO GSPN B SBOEPN (BVTTJBO EJTUSJCVUJPO XJUI NFBO � BOE WBSJBODF σ2

m �
य़F DPSSFTQPOEJOH RVBOUJUJFT FWBMVBUFE BU UIFm�UI DMJFOUT MPDBM TPMVUJPO BU t�UI JUFSBUJPO Ymt BSF EFOPUFE CZ Hmt BOE H̃mt � "EEJUJPOBMMZ XF
JOEJDBUF UIF FYQFDUBUJPO PWFS SBOEPN TBNQMJOH PG DMJFOUT BU UIF TFSWFS TJEF BU FBDI DPNNVOJDBUJPO SPVOE CZ ESt [·] BOE VTF OPUBUJPO E[·]
UP EFOPUF UIF FYQFDUBUJPO PWFS SBOEPN TBNQMJOH PG NJOJ�CBUDIFT BU UIF DMJFOU TJEF� य़VT XF IBWF

E
[
ESt

[
H̃mt

] ]
= E

[
ESt

[
∇L(Y; ξm) + Om

] ]
=

∑
m∈[M ]

wiLm(Y) 	�


8F UIFO JOUSPEVDF TFWFSBM BVYJMJBSZ OPUBUJPOT BT GPMMPXT GPS UIF DMBSJUZ JO QSFTFOUBUJPO� 'JSTU XF EFOF Yt =
[
Y1t , . . . ,YKt

]
BOE ξt =

{ξ1t , . . . , ξKt } UP EFOPUF UIF TFU PG MPDBM TPMVUJPOT BOE TBNQMFE NJOJ�CBUDIFT BU SPVOE t BU BMM DMJFOUT SFTQFDUJWFMZ� -FU St = S(pub)
t ∪ S(pr i)

t
CF UIF TFU PG TBNQMFE DMJFOUT BU t�UI SPVOE BOE Ȳt CF UIF BWFSBHF PG UIFJS MPDBM TPMVUJPOT XF IBWF

Ȳt !
1

K

( ∑
m∈S(pub)

t

Ymt +
∑

m∈S(pr i)
t

Ymt
)

	�


-FU H̃t CF UIF BWFSBHF PG UIFJS MPDBM OPJTZ TUPDIBTUJD HSBEJFOUT� 3FDBMM UIF HMPCBM NPEFM VQEBUF QSPDFTT
Ȳt+1 = Ȳt − ηH̃t , 	�


XF EFOF H̃t BDDPSEJOH UP "MHPSJUIN � JO 4FDUJPO � BOE "MHPSJUIN � JO "QQFOEJY $

H̃t !
1

K

( ∑
m∈S(pub)

t

(H̃mt + Omt ) +
∑

m∈S(pr i)
t

7̃tc 7̃+tc (H̃
m
t + Omt )

)
	�
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8F UIFO JOUSPEVDF UIF GPMMPXJOH WJSUVBM WBSJBCMFT GPS UIF FBTF PG EFSJWBUJPOT

H�t !
1

K

( ∑
m∈St

H̃mt +
∑

m∈S(pub)
t

Omt +
∑

m∈S(pr i)
t

7̃tc 7̃+tcO
m
t

)
	��


∆t !
1

K

∑
m∈S(pr i)

t

7̃tc 7̃+tc H̃
m
t −

1

K

∑
m∈S(pr i)

t

H̃mt . 	��


य़VT XF IBWF
H̃t = H�t +∆t . 	��


"�� "TTVNQUJPOT
"ॹॹॻॳॶॺ९ॵॴ � 	-ংॹॳॵॵॺ८ॴ५ॹॹ
� Fࡋ PCKFDUJWF GVODUJPO JT -�TNPPUI X�S�U Y J�F� GPS BOZ Y,Y′ ∈ Rd  XF IBWF

‖∇L(Y) − ∇L(Y′)‖ ≤ L‖Y − Y′‖. 	��


"ॹॹॻॳॶॺ९ॵॴ � 	#ॵॻॴ४५४ ॼ१ॸ९१ॴ३५ ॵ६ ॲॵ३१ॲ ७ॸ१४९५ॴॺॹ
� 'PS FWFSZ MPDBM EBUBTFU Dm  m ∈ [M] XF DBO TBNQMF BO JOEFQFOEFOU MPDBM
NJOJ�CBUDI ξ XJUI TJ[F |ξ | = B� -FU H̃m EFOPUF UIF VOCJBTFE TUPDIBTUJD HSBEJFOU H̃m = 1

B ∇fm(Y; ξ ) BOE Eξ [H̃m ] = Hm = 1
|Dm |∇fm(Y;Dm)

UIF WBSJBODF JT CPVOEFE J�F�

Eξ ‖H̃m − Hm ‖22 ≤ C1‖Hm ‖22 +
κ2

B
, 	��


XIFSFC1 JT B OPO�OFHBUJWF DPOTUBOUT BOE JOWFSTFMZ QSPQPSUJPO UP UIF NJOJ�CBUDI TJ[F BOE κ JT BOPUIFS DPOTUBOU DPOUSPMMJOH UIF WBSJBODF CPVOE�

"ॹॹॻॳॶॺ९ॵॴ � 	#ॵॻॴ४५४ ॽ५९७८ॺ५४ ७ॸ१४९५ॴॺ ४९ॼ५ॸॹ९ॺॿ<��>
� Fࡋ XFJHIUFE HSBEJFOU EJWFSTJUZ XIJDI JT B RVBOUJUZ UP NFBTVSF UIF IFUFSP�
HFOFJUZ BNPOH BMM MPDBM PCKFDUJWFT JT CPVOEFE J�F�

Λ(Y,X) !

∑
m∈[M ]wm ‖Hm ‖22
‖∑m∈[M ]wmHm ‖22

≤ λ, 	��


XIFSFwm ≥ 0 BOE
∑
m∈[M ]wm = 1�

"�� .BJO 1SPPG GPS FPSFNࢊ �
5८५ॵॸ५ॳ � 	4१ॳ५ १ॹ 5८५ॵॸ५ॳ �
� 6OEFS "TTVNQUJPOT � UP � GPS OPO�DPOWFY L�TNPPUI HMPCBM PCKFDUJWF GVODUJPO UIF DPOWFSHFODF SFTVMU PG

1'" JT

1

T

T−1∑
t=0

E
[
‖7̃tc 7̃+tc∇L(Ȳt )‖22

]
≤ 2

ηT
(L(Ȳ0) − L∗) +

4η3(K + 1)(τ + 1)κ2

KB
+

Lηκ2

KB
, 	��


XIJDI JT VOEFS UIF DIPJDF PG UIF MFBSOJOH SBUF η TUBUJTटFT

− η

2
+

4C1 + 2τ (τ + 1)

T
λη2(M + 1)/M

T−1∑
t=0

+2λ
C1 + K

K2
≤ 0. 	��


1ॸॵॵ६� "DDPSEJOH UP "TTVNQUJPO � XF IBWF UIF GPMMPXJOH JOFRVBMJUZ�

L(Ȳt+1) − L(Ȳt ) ≤ −η〈∇L(Ȳt ), H̃t 〉 +
η2L

2
‖H̃t ‖22 	��


#Z UBLJOH FYQFDUBUJPO PO CPUI TJEFT PG BCPWF JOFRVBMJUZ XJUI SFTQFDU UP BMM TPVSDFT PG SBOEPNOFTT XF IBWF

E
[
ESt

[
L(Ȳt+1) − L(Ȳt )

] ]
≤ −η E

[
ESt

[
〈∇L(Ȳt ), H̃t 〉

] ]
︸!!!!!!!!!!!!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!!!!!!!!!!!!︸

(a)

+
η2L

2
E
[
ESt

[
‖H̃t ‖22
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︸!!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!!︸

(b)
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*O UIF GPMMPXJOH XF DBMM -FNNB � UP � XIJDI GVSUIFS IBWF

1

T

T−1∑
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E
[
ESt

[
L(Ȳt+1)

]
− L(Ȳt )
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T
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E
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[
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+

1

T
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2
E
[
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‖H̃t ‖22
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T
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(
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2

[
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∑
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2

1

T
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∑
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[
ESt

[
‖Ȳt − Ymt ‖22
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η2L

2

1

T

T−1∑
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E
[
ESt

[
‖H̃t ‖22
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T
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2
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2
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K
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T

T−1∑
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K
(
κ2

B
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)

+
1

T
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η2L

2
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2λ
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1

T
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]
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[
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∑
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+
ηL2

2T
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K
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‖
∑
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κ2

B
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+
1

T
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"T B SFTVMU XF IBWF

1

T

T−1∑
t=0

‖7̃tc 7̃+tc∇L(Ȳt )‖22 ≤
2

ηT
(L(Ȳ0) − L∗) +

η2L2(τ + 1)(K + 2)

K
(
κ2

B
+ σ̄) +

Lηκ2
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XIJDI JT VOEFS UIF DIPJDF PG η TUBUJTFT

− η

2
+

λη3L2[2C1 + τ (τ + 1)](K + 2)

2K
+

λη2L[C1 + K ]

K2
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"�� -FNNBT
य़F GPMMPXJOH LFZ MFNNBT BSF UIF FTTFOUJBM CVJMEJOH CMPDLT XIJDI VTFE UP GPSN UIF NBJO QSPPG PGय़FPSFN �� 'JSTU XF TIPX -FNNB � XIJDI
HJWFT UIF VQQFS CPVOE PG UIF UFSN 	B
 JO 3)4 PG &R�	��
� य़FO XF XJMM HJWF UIF VQQFS CPVOE PG UIF UFSN 	C
 JO -FNNB ��

-५ॳॳ१ �� 6OEFS "TTVNQUJPOT � UP � XJUI &R�	�
 XF IBWF

− ηE
[
ESt

[
〈∇L(Ȳt ), H̃t 〉

] ]

≤ −η
2

[
(1 − ϱ)‖∇L(Ȳt )‖22 + ϱ‖7̃tc 7̃+tc∇L(Ȳt )‖22

]
− η

2

[
(1 − ϱ)‖

∑
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]
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η

2
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1ॸॵॵ६�

− ηE
[
ESt

[
〈∇L(Ȳt ), H̃t 〉
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= −ηE
[
ESt

[
〈∇L(Ȳt ), H�t +∆t 〉
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= −ηE
[
ESt

[
〈∇L(Ȳt ), H�t 〉
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[
ESt

[
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= −ηE
[
ESt

[
〈∇L(Ȳt ),

1

K
(
∑

m∈St
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∑
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t
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∑

m∈S(pr i)
t

7̃tc 7̃+tcO
m
t )〉

] ]
− ηE

[
ESt

[
〈∇L(Ȳt ),∆t 〉
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�
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[
ESt

[
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�
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∑
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= −η
[
(1 − ϱ)〈∇L(Ȳt ),

∑
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]
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[
(1 − ϱ)〈∇L(Ȳt ),

∑
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]
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≤ η(1 − ϱ)

2

[
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∑
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]

+
ηϱ

2

[
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∑
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∑
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wmL2‖7̃tc 7̃+tc (Ȳt − Yt,m)‖22
]
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2

[
(1 − ϱ)‖∇L(Ȳt )‖22 + ϱ‖7̃tc 7̃+tc∇L(Ȳt )‖22

]
− η

2

[
(1 − ϱ)‖

∑
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wm∇Lm(Ymt )‖22 + ϱ‖7̃tc 7̃+tc
∑
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wm∇Lm(Ymt )‖22
]

+
η

2

∑
m∈[M ]

wmL2‖Ȳt − Ymt ‖22 .
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XIFSF � JT EVF UP UIF GBDU UIBU

ESt
[ 1
K

∑
m∈St

H̃mt
]
=

1

K
ESt

[ ∑
m∈St

H̃mt
]
=

1

K
ESt

∑
mk ∈{m1, ...,mK }

H̃mk
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1

K
· KESt

[
H̃mk
t
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∑
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wm∇Lm(Ymt ) 	��


� DPNFT GSPN -FNNB �� � IPMET CFDBVTF 2〈B, C〉 = ‖B‖2 + ‖C‖2 − ‖B − C‖2 BOE UIF BTTVNQUJPO PG L�TNPPUI PCKFDUJWF GVODUJPO� "

-५ॳॳ१ �� 6OEFS UIF TBNF BTTVNQUJPOT XJUI FPSFNࡋ � XF IBWF

E
[
ESt

[
〈∇L(Ȳt ),∆t 〉
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= −ϱ[I − 7̃tc 7̃+tc ]〈∇L(Ȳt ),

∑
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wm∇Lm(Ymt )〉 	��


1ॸॵॵ६� -FU Πt EFOPUF UIF QSPKFDUJPO PO UIF TVCTQBDF PG 7̃tc 7̃+tc BOE Π⊥t CF UIF OVMM TQBDF PG 7̃tc 7̃+tc  J�F�

∀H ∈ Rd , Πt [H] = 7̃tc 7̃+tc H and Π⊥t [H] = (I − 7̃tc 7̃+tc )H.

य़FO XF IBWF

H̃mt = Πt [H̃mt ] +Π⊥t [H̃mt ] 	��


BOE
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K

∑
m∈S(pr i)

t
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m
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1
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1
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t
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∑
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t
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1

K
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�
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∑
m∈[M ]
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XIFSF � JT EVF UP UIF GBDU UIBU Πt BOE Π⊥t BSF PSUIPHPOBM UIVT 〈Πt [·],Π⊥t [·]〉 = 0 BOE � JT EVF UP UIF GBDU UIBU
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K
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∑
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BOE ϱ = K
K1
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t |
= M

|C(pr i) | NFBTVSFT UIF SBUJP PG UIF UPUBM DMJFOUT UP UIF OVNCFS PG QSJWBUF DMJFOU� "

-५ॳॳ१ �� 6OEFS "TTVNQUJPOT � XF IBWF UIF GPMMPXJOH CPVOE
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XIFSF � IPMET CFDBVTF UIF GBDU UIBU ‖B + C‖2 ≤ 2(‖B‖2 + ‖C‖2) � DPNFT GSPN E[X2] = E[[XEX ]2] + E[X ]2 BOE �  � BSF EVF UP
"TTVNQUJPO � BOE � SFTQFDUJWFMZ� "

-५ॳॳ१ �� 6OEFS UIF TBNF BTTVNQUJPOT XJUI FPSFNࡋ � XF IBWF
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[
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1ॸॵॵ६� 8JUIPVU MPTT PG HFOFSBMJUZ MFU tc ! ( tτ *τ BOE t = tc + j XIFSF tc BOE j ∈ [1,τ ] EFOPUFT UIF JOEJDFT PG DPNNVOJDBUJPO SPVOE BOE
MPDBM VQEBUF JUFSBUJPO SFTQFDUJWFMZ� 'PS QVCMJD DMJFOUT UIF MPDBM NPEFM VQEBUF QSPDFEVSF JT BT GPMMPXT
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*O BEEJUJPO XF IBWF Ymtc = Ȳtc  BT XFMM BT UIF BWFSBHF WJSUVBM NPEFM BU t�UI JUFSBUJPO BT GPMMPXT�

Ȳt = Ȳtc −
η

K

j−1∑
l=0

( ∑
m∈S(pub)

tc

(H̃mtc+l + Omtc+l ) +
∑

m∈S(pr i)
tc

7̃tc 7̃+tc (H̃
m
tc+l + Omtc+l )

)
. 	��
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"MHPSJUIN �� 'FEFSBUFE "WFSBHJOH 	'FE"WH
 <��>
JOQVU �5PUBM DPNNVOJDBUJPO SPVOET T
PVUQVU �HMPCBM NPEFM YT

� 'VODUJPO 5GTXGT'ZGEWVG�
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� Yj+1 ← Yj − ηH̃j
�� ∆Ỹ← Y − Yτ
�� SFUVSO ∆Ỹ

%F॑OJUJPO � 	.PNFOUT "DDPVOUBOU <�>
� -FU M : D ← R CF B SBOEPNJ[FE NFDIBOJTN BOE D,D ′ CF BOZ UXP OFJHICPSJOH EBUBTFUT� -FU
BVY EFOPUF BO BVYJMJBSZ JOQVU� य़F NPNFOUT BDDPVOUBOU JT EFOFE BT�

αM(λ) ! NBY
aux,D,D′

αM(λ;aux ,D,D ′) 	��


XIFSF αM(λ;aux ,D,D ′) ! MPHE[FYQ(λc(o;M,aux ,D,D ′))] JT UIF NPNFOU HFOFSBUJOH GVODUJPO PG UIF QSJWBDZ MPTT SBOEPN WBSJBCMF XIJDI
JT EFOFE BT GPMMPXT�

c(o;M,aux ,D,D ′) ! MPH 1S[M(aux ,D)]

1S[M(aux ,D ′)]
	��


य़FPSFN � BMMPX VT FBTJMZ UP CPVOE UIF NPNFOUT PG UIF NFDIBOJTN PWFSBMM BOE UIFO DPOWFSU UIF NPNFOUT CPVOE UP UIF (ϵ,δ)�%1
HVBSBOUFF�



5८५ॵॸ५ॳ � ࢟ࢠ࢛࢞࢜࢞1	 ࢛ ࢠ ࢟ࢠ࢚࢙࢛࢙ 
ࢠ࢚ࢍࢠ࢚ࢡ࢛ࢍ� �� <$PNQPTBCJMJUZ> 4VQQPTF UIBU B NFDIBOJTN M DPOTJTUT PG B TFRVFODF PG
BEBQUJWF NFDIBOJTNT M1, . . . ,Mk XIFSF Mi :

∏i−1
j=1 Ri ×D → Ri � FOࡋ GPS BOZ λ

αM(λ) ≤
k∑

i=1

αMi (λ). 	��


�� <5BJM CPVOE> 'PS BOZ ϵ > 0 UIF NFDIBOJTN M JT (ϵ,δ)�EJञFSFOUJBMMZ QSJWBUF GPS

δ = NJO
λ

FYQ(αM(λ) − λϵ)

% "%%*5*0/"- %*4$644*0/4 "/% 1300'4
*O UIJT TFDUJPO XF GVSUIFS FYQMBJO BOE EJTDVTT TFWFSBM JNQPSUBOU QSPCMFNT UIBU BSF POMZ CSJFZ NFOUJPOFE JO UIF NBJO CPEZ EVF UP TQBDF
MJNJUBUJPOT�

%�� ,FZ %JॐFSFODFT #FUXFFO 1'" BOE 1%14(%
य़F LFZ EJFSFODFT CFUXFFO 1'" BOE 1%14(% <��> JT UISFFGPME�

J
 1%14(% BTTVNFT UIF BWBJMBCJMJUZ PG B QVCMJD EBUBTFU� *O DPOUSBTU XF EP OPU SFRVJSF BOZ QVCMJD EBUBTFU ESBXO GSPN UIF TBNF EJTUSJCVUJPO
BT UIF QSJWBUF EBUBTFU BOE JEFOUJGZ ۠QVCMJDۡ DMJFOUT XIJDI BSF VTFE UP FYUSBDU UIF TVCTQBDF JOGPSNBUJPO� 'SPN UIF BMHPSJUINJD QPJOU PG WJFX
1%14(% DPNQVUFT UIF MJOFBS QSPKFDUJPO CZ UIF TVCTQBDF PG UIF SBX HSBEJFOUT FWBMVBUFE PO UIF QVCMJD EBUBTFU XIJMF 1'" DPNQVUFT UIF
MJOFBS QSPKFDUJPO CZ UIF TVCTQBDF PG OPJTZ MPDBM NPEFM VQEBUFT FWBMVBUFE PO B TFU PG ۠QVCMJDۡ DMJFOUT MPDBM QSJWBUF EBUB� 5P TIPX UIBU UIF
QSPKFDUJPO CBTFE BQQSPBDI DBO CF BEBQUFE UP OPJTZ NPEFM VQEBUFT XF BEEFE FYQFSJNFOUBM TUVEJFT TIPXJOH UIF OPJTZ NPEFM VQEBUFT JOEFFE
FYIJCJU B TNBMM GSBDUJPO PG MBSHF FJHFOWBMVFT�

JJ
 1%14(% JT MJNJUFE UP UIF OPJTF SFEVDUJPO JO UIF DFOUSBMJ[FE TF॒JOH� 0VS QSPQPTFE 1'" JT UIF STU XPSL UP FYQMPJU JUT CFOFU GPS CPUI
	IFUFSPHFOFPVT
 OPJTF SFEVDUJPO BOE DPNNVOJDBUJPO SFEVDUJPO JO UIF GFEFSBUFE TF॒JOH� *O PVS JNQSPWFE WBSJBOU PG 1'" DPOTJEFSJOH UIBU
UIF UPQ TJOHVMBS TQBDF VTVBMMZ FWPMWFT TMPXMZ CFUXFFO UXP DPOTFDVUJWF SPVOET XF BQQMZ UIF QSPKFDUJPO JO B EFMBZFE NBOOFS UIBU JT QSPKFDU
UIF ۠QSJWBUFۡ VQEBUFT PO UIF DMJFOU TJEF BOE SFDPOTUSVDU UIF DPMMFDUFE QSPKFDUFE VQEBUFT PO UIF TFSWFS TJEF XIJDI TJHOJDBOUMZ SFEVDFT UIF
VQMJOL CBOEXJEUI�

JJJ
 0VS TDFOBSJP PG IFUFSPHFOFPVT QSJWBDZ CVEHFUT BU EJFSFOU DMJFOUT QSFTFOUT OFX DIBMMFOHFT BOE BMTP PQQPSUVOJUJFT PG FYQMPJUJOH B
WBSZJOH BNPVOU PG VTFGVM JOGPSNBUJPO GSPN UIF MPDBM NPEFM VQEBUFT XJUI EJFSFOU BNPVOU PG JOKFDUFE OPJTFT� *O 1'" XF JOUFHSBUF UIF
XFJHIUFE BWFSBHJOH UFDIOJRVF JOUP UIF QSPKFDUFE GFEFSBUFE BWFSBHJOH TUFQT 	TFF MJOF �� JO "MHPSJUIN �
 GPS GVSUIFS JNQSPWJOH UIF NPEFM
VUJMJUZ�

%�� 1SPPG PG FPSFNࢊ �
8F QSFTFOU UIF QSPPG PG UIF DPNQVUBUJPO DPNQMFYJUZ PG 1'"� BT GPMMPXT�

1ॸॵॵ६� J
 'PS DPNQVUJOH UIF TVCTQBDFT� 4JODF UIF EJNFOTJPO PG UIF QBSBNFUFS TQBDF p DBO CF RVJUF MBSHF JO NPTU DBTFT UIF DPNNPO 47%
NFUIPET BSF OP MPOHFS BCMF UP DBMDVMBUF UIF FJHFOTQBDF Fਖ਼DJFOUMZ BOE FFDUJWFMZ� य़VT XF VTF UIF -BOD[PT NFUIPE <��> UP BQQSPYJNBUF UIF
UPQ�k FJHFOTQBDF PG UIF MPDBM NPEFM VQEBUFT FWBMVBUFE PO ۠QVCMJD DMJFOUT ۡ XIJDI JT BO FFDUJWF NFUIPE GPS DPNQVUJOH B GFX FJHFOWBMVFT
BOE BTTPDJBUFE FJHFOWFDUPST PG B WFSZ MBSHF SFBM TZNNFUSJD NBUSJY. ∈ Rp×p � य़F NBJO UBTL JO UIF -BOD[PT QSPDFEVSF JT UP STU DPNQVUF UIF
-BOD[PT USJEJBHPOBM NBUSJY UIFO UIF k MBSHFTU FJHFOWBMVFT GSPN UIF DPSSFTQPOEJOH NBUSJY� य़F NBJO JEFB PG UIF -BOD[PT USJEJBHPOBMJ[BUJPO
JT VTJOH BO PSUIPHPOBM TJNJMBSJUZ USBOTGPSNBUJPO UP UIF NBUSJY .� य़JT TUFQ EPFT OPU OFFE UP BDDFTT UIF FYQMJDJU NBUSJY CVU POMZ DPNQVUJOH
B NBUSJY�WFDUPS .W NVMUJQMJDBUJPO BU NPTU k UJNFT IFSF W ∈ Rp JT BO BSCJUSBSZ WFDUPS� *O JNQMFNFOUBUJPO XF BDUVBMMZ EP OPU DBMDVMBUF
.W EJSFDUMZ EVF UP UIF IVHF NFNPSZ DPOTVNQUJPO CVU "("5W) XIFSF " ∈ Rp×m JT UIF ۠QVCMJD VQEBUFTۡ NBUSJY BOEm JT UIF OVNCFS PG
QVCMJD DMJFOUT� य़FSFGPSF UIF NBUSJYۗWFDUPS NVMUJQMJDBUJPO DBO CF EPOF JO O(mp) BSJUINFUJDBM PQFSBUJPOT� #FTJEFT JU EPFT O(p) BSJUINFUJDBM
PQFSBUJPOT BU FBDI -BOD[PT JUFSBUJPO XJUIPVU DPOTJEFSJOH UIF NBUSJYۗWFDUPS NVMUJQMJDBUJPO� य़FSFGPSF UIF UPUBM DPNQMFYJUZ PG DPNQVUJOH
UIF TVCTQBDFT JT O(kmp)�

JJ
 'PS DPNQVUJOH UIF QSPKFDUJPO� "ॏFS UIF QSPKFDUJPO NBUSJY 7k ∈ Rp×k JT DBMDVMBUFE VTJOH UIF -BOD[PT BMHPSJUIN UIF OFYU TUFQ JT UP
QSPKFDU UIF ۠QSJWBUF VQEBUFTۡ UP UIF TVCTQBDFT UIBU JT 7k

5∆pr iv  XIFSF ∆pr iv ∈ Rp JT UIF XFJHIUFE BWFSBHF PG UIF ۠QSJWBUF VQEBUFT �ۡ
य़FSFGPSF UIF UPUBM DPNQMFYJUZ PG DPNQVUJOH UIF QSPKFDUJPOT JT O(k)� 'PS UIF FNQJSJDBM FWBMVBUJPO SFTVMUT QMFBTF SFGFS UP 4FDUJPO �����

GPS NPSF EFUBJMT� "
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